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3LEMS OF THE THEORY OF DISPERSION RELATIONS 

Bogoliubov, Medvedev, Pollvanov 


1* Introduction 


r.: 3 q,u'<atum field theory has recently produced a new trend \ 
which « believe will have*te2le future. This trend Is connected 




SC '-called dispersion relations, that is, relations be- 

tweer l ic; } ^rnitian part of the scattering aniplitude and a de-» 

en^rau 

finite iypr ofjintegral over -e^ergy ^-^^^ i its anti-Hermitran 
part. To a eertain extent, such relations arise independently of 
the eor> ::ra‘ -a details of the theory under consideration; to ob- 
tain em i.^e essential thing is the requirement of mioroscopi— 
caJ. ca. sa.l ty, which in the majority of works is formulated 


( 4 


in 


vnriecfcion with the conditions of relativistic invariance) 


,ias 


in the: 


ix.-i of a demand that the commutator! of field quantii^ 
becoKfs space-liEe points. It is precisely this general 


cb.arAc,ver of the dispersion relations on the one hand, and yie 
fact rat chey correlate magnitudes that may be measured direct- 


ly ; 3 vi..ioh is nontrivial for the quantum field theory) on the 

. .. 4 ..-- . 4 . 

other -, th t great interest in such investigatrv.'.us;,xTO i, 


only 


tile 


part of theoreticians but also among the experi- 




hosii i 3 the fact, however, that the literature on disper- 
: ^lo c ions runs into several dozens of papers and that 
die oe ior relations for a whole series of concrete physical 
Droceioes nave been written and compared with experiment, as 


yet no ffiei’iod has been suggested for obtaining these relations 


that c a] ctatisfy even the usual requirements of rigori 


in The very fact mi numerous different ways of 

obtain ny them, suggested at times by the same authors, indi- 
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cates that there is something lacking in the justification 
•Milo In addition, the question of the physical assumptions 

that are really necessary to obtain the dispersion relations is 
a'^ yet an open one; it is a question of the degree to which they 
are connected with the present-day scheme of the quantum field 
theory, or to what extent the theory may be generalized^^ the 
relations remaining valid. 

The present investigation is devoted to these two problems. 
In section two we shall attempt to formulate the basic principles, 
which, in our opinion, should be taken from ^ conventional theory 
in order to w g dg ' C ■poDOi^'lo the Ac r i vat ion dispersion relations* 

otherwise, the construction of the theory may be arbitrary; for 

or 

example, we shall not need to fix the type of lagrangian ( in 
general write it out explicitly), nor shall we make use of the 
Hamiltonian method. 

We shall mainly deal with the variational derivatives of 


the matrix over fields of real particles, 

the so-called radia^j^ Section three will be de- 

voted to establishing certain general relations between such 
operators. The study of radiation operators is closely connected 
with the study of Green? s functions for real particles. There- 
fore, Sections four and five will deal with a new ptoci^ 

• > - 1 <r. /A 4- T CJ ov« +- o 4- ^ r\-h a •f' ITq' ! r ”““n?rT~c! , " 

UULC nrt; J.X— i i., - — ' 

/) ^ 
pzoo^ will be based on a study of the |pr6pertles i ^#««nQly - 

of the vacum matrix elements of the respective radiation 
operators and 'k*« the advantage that no divergent expressions 


will appear anywhere, even in the intermediate stages. 

Finaly, Section six and seven is devoted to the derivation 
of the dispersion relations themselves, and Section eight to a 
detailed consideration of them in a number of concrete cases. 
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We may note that in themselves the dispersion relations are 
in no way something new to physics, and different types were known 
even before the creation of the quantum field theory. As early as 
1926-27, Kronig and Kramers obtained in classical electrodynamics 
the dispersion relation between the real and imaginary parts of 
the coefficient of refraction 

f 2 . 10 ^ 


\ )- n (oj J = p 


4 '. 


I 


j 

o 


A !-cj' 1 . 


( : ., 1 ^- :-j^) 




fact that signals cannot propagate at a velocity greater than the 

velocity of light. At the present time, various forms of disper^ 

fVvoStS 

Sion relations are widely used in of 

radio engineering* 

The principal mathematical device for obtaining dispersion 
relations is the well known Cauchy theorem. Since, however, in 
the quantum field theory we have to ^ deal in a number of cases ^ 
with generalized functions, we must be cautious in applying this 
theorem* 

Let us assume a certain function, f(E), analytic in the 


upper half-plane ^ 1 


E ^ Q 


any positive 


with the properties: (a) for 


a constant A ( '3 ) may be that 

. It I 


■when 


^ ^ when -1 — c U 7 • the lilric— 

tion f(E) tends, in improper sense, to the fiSBCtionvon the class 




(q is a certain positive integer). And the 


words ''f(E) is a function integrable on the class 


means that f(E) is defined on ta] real axis as the kernel of a 
linear functional 

I n / n < I I ' r" \ I- 

Cl. a) 




— >3 


in the linear space of- the functions h(E) that satisiy the 
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^ / 


conditions 

i 'sin), \ . :^ <n 

( 1 . 2 ) 

i 

for - ^ > <£<^ ; S r. 0 , Ij . ..; 'I ' p ~ i , • , J 

and the limit transition in the improper sense means that there ^ 

x/ 

is an ordinary limit transition for the respective functionals • 

We shall aigree to call the analytic function that satisfies 
the formulated conditions regular in the upper half-plane. 

Let us now construct a closed contour formed by the seg mayn't 
( P. . i ^ r it ) and the semi-circle with radius R, 

lying in the upper half-plane* Since in virtue of property (a) the 
integrM of f <■ - 9 ^ ' 


over this serai-circle will at U 


P tend to zero, it follows from Cauchy's theorem that: 




f(B) 


P) = 




Ih I J 

t n 


MB 




t ^ J 




Taking into consideration property (b), we are able to shift the 


line of 
write • 


integraiisto the aeal axis, by 




, and 


r 






Liil 




B-B 


i ^ ^ L)y\ h 1> Ov' 

(1.3) 

Let us now also transfer to the axis the point of ob- 
servation E ( liv) c ' ' ) and note that for ttw ^^al h and 


E ^ we have a symbolic identity: 

X ' p r 


■? 0 


ItL E - c' t ^ / ■ B (1*4) 

^^or details on the determination of integrate functions and a 


t I /T ) 


V'M B 


J 


non-proper limit transition see the work of N.N.Bogoliubov and 
D.V.Shirkov, UFN,^ 149 (1955), Art. 2, p. 164. 
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However, in the majority of cases it is not possible to make 
use of the dispersion relation directly in the form (1*6) because 
in many cases of application the conditions (a), (b) prove too 
stringent; the real physical functions that taKs part in the dis- 
persion relations may not only fail to diminish at infinity , they 
aHi’iauaK 

may even increase; not faster than a certain polynomial. 

We shall show that it is not difficult to extend the above 
argument to the case of functions f(E), which are analytic in the 
upper half-plane and for which conditions less stringent than (a) 
and (b) are carried out: 

(a*) there is mtmk an m > O^that for any d >0 

•/ 1 chosen 

constants A: io J may be in such a way that: 

f ... -r.. [ -'y -foL ^ 

(b*') when B O the function f(E) tends, in the improper 
sense, to a function integrable on a certain class C(c^jZ) 

We shall say that such analytic functions have at infinity a pole 
of the n-th order, where n is the largest of the numbers (m+l) and 
2jf or that at infinity they do not have an essential S3» 
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In order to reduce this case to the preceding one, let us 
consider in addition to f(E) the function 

^IS) 

(1.7) 




It is clear that if f(E) is analytic in the upper half-plane and 
has at Infinity a pole not higher than of the n-th order, then the 
function g(E) will be regular in the _ upper half-plane in the case 
of any real and positive IS* Therefore, for g(E) it is possib- 

le to make use of the relation (1*5) and write: 

)■- p . I 




tTT 


J 

- ^ 




H-f-l / 


r 

j 


( 1 . 8 ) 


_ oo <- £ <+ ^ 

With the aid of a symbolic identity analogous to (1.4) 


1 


Pi 


i I 1 ^ 

1 ; ^ it 'CoJ 

{{E'-ioy*' ) ^ 


(1.9) 




OO 

(xrt miw Q 

wejagain able to divide w the integral (1.8) i the 3-like 


»vite 


parts and the principal values and obtain ; 




iE-Eo)' 






+- 


f 




/) , « 

£■ I 




u.io; 


<1 £ , 


i ^>0 


Thus, also in the case of the functions under consideration, 
which have at infinity a pole not higher than the n-th order, re- 
lations of the type (1.5) m^y be written. These relations, 

however, will nowj l^c^y up to the polynomial of Hkmt degree eiT 
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n, and 2) have a more complicated kernel that ensures convergence 
of the integral (a simple integral of the type entering into { 1.5) 
would be divergent for the function increasing at infinity) « 

The relation (I.IO) may be also given a slightly more convent;/:- 
ient form. 

For this purpose let us select any real Cj ; Ej that 

satisfy the conditions 


C' E' - O 


for q = 0,1, . 


( 1 . 11 ) 


u> ) wK%n 

and let us operation applied to any function 


f(E), as 

:> I . 

It is clear that in virtue of (l.ll) ^ gives zero when applied 


(1.12) 


to any polynomial of E of degree not greater than n. Let us now 


note that the difference 

4 - ~ ) 


/ 




(1.13) 


is, with tespect to E, a polynomial of the n-th degree (when both 
members are combined the denominator /S* - Ejcancels). Therefore 


V ! 

hi 


/ , . , / 
f i .. 


j 


\ ' . I 

-- r > t ' 1 
! / J I 


I 


/If. ( 


/ 




Now applying operation ^ to both parts (l.lO) we immediately 
obtain 


+ O 

y c. f /f. ) = - p I '? 


-J B ' 


(1.14) 


ly ) 


J 


y) 
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since in this way all the polynomials disappear. 

Thus, it may he said that the "simple** relation (1.5)^is retai- 
ned also with respect to functions f(E) which polynomially increase 
at infinity, the only thing rejiuired being the application to » of 
the operation 2- , that excludes polynomials 

n. 

It mi^ht appear that for the polynomially increasing functions 
f(E*) the right-hand side (1. 14). does not have any meaning due®€o 

the divergences of the integrals ('is this was noted with rexpect to 

<<0 

(1.5) ); however, this is not so since from an analysis of the deri- 
vation of this relation it ma^/ «he seen that although the integral 
of each individual term in the sum with respect to j does diverge, 
still the integral of the linear combination with c^ and <3^ which 
enters into (1.14) must be convergent, thj cj an^ Ej, sati^ying 
(1.11). 

Finally, taking from both parts of (1.14) the real paiTt., we 

obtain the final form of the correspqjnding dispersion relation: 

■>o 


y) Q) 


fJiP 


(1.15) 


In order that one may utilise mathematical dispersion relations 
in the study of any process of the collision ox particles, it is 
necessary, as it may be seen,* to be sure first that the respective 
scattering amplitude as a function of the energy may be properly 
continued to the upper hal^-plane. In order at once to .explain the 

connection existing between the property of analytic continuity of 

0 

the scattering amplitude onto the upper half-plane and the condition 
of causality, let us consider a purely illustrative single-dimension 

e a 

example. 

Let us assume that the scattering amplitude f(E) is defined as 

f ' S ^ 

] Fit) , ( 1 . 16 ) 

■ J /©><»« 
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In virtue of the causality condition (^the fact that the causality 

* # 

condition leads precisely to relations of this type, will be ob« 


vio^is from SipC. 


id ^ } I 

F(i) - O 


for t<0. 


NoTg passing to the upper half-plane 
E - ^ y ’ y > O 


we note that the factor e 


-yt 


plays the 


, ensuring the convergence of the integral (1.16), since at t < 
increases, the function F(t; is equal to zero, 


of a cut-off factor 

0 , 

h ... 

where e 

It^may be shown that even if F(t) is a singular fun(3tion, the 
onl^y requirement being that it remain integrable in the sense of 

our definition (1.1,2), the integral (1.16) will still converge and 

t tie s 

define the function without essential podul-^vritio - s at infinity. 

“’The situation is different if F(t) t wi wio zero only for 

t , a, where 'a' is a certain "elementary length". Then by 

replacing in (l.lGj 


/- 


we sha^l see that 




t - 
- c' i B 


where now there is no essential ^ 


I ^ j 

SVv\a\Jk\Oi«"^VH 

(^Marrt 


y a t infinity 


in 
-la E 




ec«\\jLs'5- 

the factor fj(E)’; but in the oaoc of the factor e 

the function f(E)^ spseefejan essential po^Mtaigity 

function 


with 


Therefore, in this case in order to obtain 
fdr which the dispe-’sion relations are rnrr''ril ‘nut^ it is necessa- 
ry to multipli^ f(E) by e 

7»iC^viOil 

^Naturally, the ^situation will 

complex, for the simple reason that integration in the Egs. repla- 

bt 

cing (1.16) will tolui Trl-T i j ii wit3i > PiSj i TO' fatt) a larger number of 
variables,. 


^ ^ . 

be considerably more 
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However, as we shall see further on, despite the necessity of a 
considerable technical improvement of the argument given here, its 
basis remains intact* 

As has already been mentioned, many works have been devoted to 
problems of the analytic continuation of the scattering amplitude* 
First of all, mention should be made of the fundamental works of 
Heisenberg ( ) which laid out a program for the 

direct study of the scattering matrix, which transforms the 
asymptotic part of the incident wave into the asymptotic® part 
of the wave, as well as the related investigations of 

Ning Hu ( ), van Kampen, M.G*Kr0in( )• In the 

p«p%r 

latterf j an investigation was made of the process of the elastic 
collision of two particles from the viewpoint of ordinary quantum 
mechanics, which is reduced to the problem of the scattering of 
one particle ^ a fixed force center. For the f(E), a study was 
made here of the component of the scattering amplitude, which 
corresponds to a partial wave with a definite angular momentum, 
chiefly the amplitude of the S-wave* 

" The theorems concerning the possibility of an analytic conti- 
nuation of the amplitude of S ^scattering, fg(E), onto the uppei' 

half-plane for the case when interaction practically disappears at 
distances greater than the radius of a certain “sphere of action*', 
represent an important ■T3Bagcgrisa;i In 1 1 w r d in this direction^ However , 
it tiirns out that, as M is obvious from the illustrative example 

»TU 

given above, at infinity fg(E) may have an essential peeistiSisftSKfciy , 
which is eliminated only by multiplying by the ” cut-off factor” 

6 - • Therefore only the following function is regular in the 

r 1 ^ 

upper half-plane a ^ 

h - 
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to which the dispersion relation (1*6) will be applied* 

A dispersion relation of this type was recently applied by 
Karplus, and Ruderman ( ) to elas - 

tic scattering of pi-meson^ on nucleons* Utilizing the available 
experimental data on s«scattering, these authors arrived at the 
interesting result that the radius of meson-nucleon interaction 
must be more than 0*1 of the Compton wave length for the meson* 

It should, however, be pointed out that worlcs afe Atoac 


proceed from the scheme of conventional quantum mechanics, 

which does not take .account mi the peculiarties of ‘Hm fiela theory, 

‘ 


for example the possibilities 
destruction of particles* 




of j creation and 


The dispersion relat7Lons for the scattering of bosons in the 
quantum field theory were the subject of investigations of another 
trend represented by the works of Geli-Man, (Joldberger , Thirring, 
Karplus, Ruderman Myazawa, o4&, and others. 

* Here, f(E) a study is ma- 

de of the forward scattering amplitude in the laboratory system; an 
investigation is made of the problem of its analytic continuation 

into the upper half-plane, and convincing are 




given jShowi«[f that its 


at infinity will not be stronger 


than the pole of first order* 

A consideration of the forward scattering amplitude is espe- 
cially convenient due to the fact that according to the so-called 
‘optical theorem* its imaginary part is proportional to the total 
iiffrutt w cross- section, that is to a value which may be 

determined experimentally. The optical theorem is a consequence of 
the unitarity of the matrix and may easily be proven 

in the most general form* 
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Indeed, let us agree to designate by indices and ^ the 
total of S0A. quantum numbers of a Co mpfeig system of states. 
Then the conditiqn of the unitarity of the matrix is 

written as follows: 

r r - 

Z.J 


Let us assume 


f- i I 


then 7^^ will be proportional to the scattering amplitude for 

. Substituting - iiAothe condition 


the process 




of unitarity, we find 








In the relation, the left-hand side is obviously the imaginary 
part of the amplitude of elastic scattering at a zero angle, and ^ 
the right-hand side is proportional to the total cross section for 
all possible processes. 

In the normalization used in the theory of the collision of 
particles, the total cross section is related to 

the equality 


L/„ 4^7 r 


V 


^ ( 1 . 17 ) 

where fh is the wave number corresponding to the energy h'. The 
real part f(E) is then found from the T^£ili^c-on : 

The first derivation of dispersion relations in the formalism 
of the quantum field theory was suggested by Gell-Man, Goldberger, 
and Thirring , who made use of Cauchy's theorem^iteaBfe 

establishing the requisite analytic properties of the forward - 
scattering amplitude. 
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However, this proof, jit UMihu for particles with a rest mass 
different from zero, is not free from objections, the gravity of 
which was acknowledged by the authors themselves. K^rplus and Ru- 
derman established a dispersion relation which may oe used for the 
processes of the scattering of neutral mesons on nucleons; however, 
their deduction is based on the analyticity of the scattering ampli^ 
tude as a preliminary assumption. This assumption sWould be very 
simply obtained as a consequence of a series of theorems concerning 
the properties of Green* s functions formulated by Nambu 


However, no convincing proof has yet been proposed. 

Finally, Goldberger recently attempted to 

abandon in general the problem of the analytic continuation of the 
scattering amplitude into a complex plane considering the disper- 
sion relations simply as certain identities, which follow in purely 
algebraic form the definition of the dispersive and absorptive 

parts (that correspond to our division of {1.4) into the principal 
value and the '^-function) of the scattering amplitude "W i g o ugh the 
sumsQwith respect to the total system) intermediate states i Howe- 
ver, it is easy to see that the definitions they used are not cor- 
rect for S < M , since in this case the respective integrals di- 
verge • 

Let us add several remarks with respect to the physical 
meaning of the values that enter into dispersion of the 

type (1.6) or (1.16)). The amplitude of elastic forward scattering 
is found in the left-hand parts, and the total cross section is 
^ fou nd under ^ ^th e integral on the right. Both of these are 

observ«4^nly for real particles, i.e. for energies that are po - 
sitive and g reater than k . At the same time, integration on the 
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right-hand sides is extended over all values of energy from - 
Xo ^ . For this reason, in order to make practical use 

of the dispersion relations we must get rid of integration 

th? negative energies and the ”non-observlt^” region OcBcm, 
Integration with respect to the negative energies may he 
eliminated hy using the requirement of invariance with respect 
to charge conjugation (or, for uncharged fields, - the reality), 
which leads to a relation between the scattering amplitude for 
negative energy and the conjugate amplitude for positive energy* 
Negative energies may always be eliminated through the use of this 
technique, however it leads to ''mixing” of cross sections for 
anti-particles ( of opposite charge) Inim the dispersion relations, 
which, for example, in the case of the scattering of nucleons, is 
inconvenient, since the cross sections for antinucleons are as 
yet experimentally unknown* 

Ivlore compex is the case of the "non-observ®!^ region S 'n 

0 /' r- '\ 

where, as we shall see later, o- functions with Ep , 

correspond^'!l;o possible intermediate bo|jid states, arise 
under the integral. If such bound states (that are possible in 
the problem) have a discrete spectrum, then such integrals ars- 
easily calculated in the explicit form# If, hoTvever , the speetrum 
of intermediate states proves continuous at least in any part, 
the situation becomes less favorable* 
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Section 2o Basic Physical AssumptiQn_5_o ^ 

As we have already statedjf dispersion relations in the majori- 
ty of works are deduced by proceeding from the conventional scheme 
of quantum field theory, -to be concrete, for example, from 
pseudoscalar meson theory,- at times even making use of the argu- 
ments of perturbation theory. However, the idea that in actuality 
the dispersion relations are in essence not connected with the 
whole of conventional formalism and must be obtained bg proceeding 
only from certain basic premises (which of course are carried out 
in ordinary theory), apparently seems almost trivial# Due to the 
extremely fundamental significance of the problem of the applica- 
bility of dispersion relations and the possibility of their o®*.- 
generalizations , we want to formulate explicitly the physi- 
cal principles which are really necessary for their deduction. 

This we consider all the more important since we hope that a 
detailed study of the radiation operators introduced below and 
the establishing of relations between them might form the basis 
of a new approach to the construction of the quantum field 
theory as a whole. 

The conventional present day scheme of the quantum field 
theory is based esssntilly on three basic assuTuptions ; hauiilto- 
nian formalism, the application of perturbation theory, and the 
conception of adiabatic awitchin^n and off of interaction. Ha- 
miltonian formalism automatically leads to the fulfilment of 
the strict requirement of causality (since the nonlocal variants 
of the theory, which might vxilate this requirement, contradict 
the condition of the solvability of the equations), however, re- 
cently weighty arguments have appeared concerning the fact that 
an internally\-4awwfeiMipi«#v^ theory may not in general be squeezed 
-#4,nto tiie narrow limits of the Hamiltonian method. 
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Perturbation theory permits of a practical execution of calcula- 
tions; but apparently the corresponding series diverge even in the 
case of weak coupling, to say nothing of nuclear interaction, when 
ITn general,^ it is | not applicable. The^ merit of the concepti« of 
adiabaticity is the apparent simplicity of the relations between 
actual and free fields. ...Since, however, in the far past and in the 
far future, the self-action which always exists physically is 
switched off together with the interaction between particles , tSis 
conception leads fundameptally ^ to the necessity of. distinguishing 
between fictitious and real free particles, and conse( 3 .uently , in 
the final analysis, to the whole renormalization ideology* 

The general sche?iie, proposed in 194-3 by Heisenberg for the 
construction of a transition matrix, ^rejected completely Hamilto- 
nian formalism, need^ essentially the concept^ and had 

nothing to say about perturbation theory‘v Due to its extremely 
general character, this statement of the problem hardly 
leitd to any concrete resultSu and it should 'be viewed rather as a 

(A 

program for the construction of Wm than as a finished 

scheme. We should like to point out that while formulating the 
basic conditions, which the theory must comply with, Heisenberg ^ 
did not at all consider the causality Fe quire msnts , which ( at 
least in the form of the condition of macroscopic causality) tke 
theory must satisfy* 

A theory of the scattering matrix, worked out recently bj one 

of the authors (A/.A/.B ) and Shirkov, was built by proceeding from 

“Tltt.sc a 

the Heisenberg principles, wiwwte-, ^ however , were severely narrowed 

by the assumption of expansion in terms ofy coupling constant, by 
accepting the conceptMim of adiabaticity and, what is most import- 
ant, by the fact that added to them was the requirement of causa- 
lity formulated in the form of a strict condition of 


# 


•.s»* 
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macroscopic causality or locality. It turned out that these assump- 
tions, though limiting greatly the theory, le»d to a scheme which 
in essence is equivalent to the ordinary Hamiltonian method and 
•differs from it only in the possibility of expounding the material 
wj-th greater mathematical clarity* 

Attempts have been made^ recently to continue develoi»ing the 
initial Heisenberg program. The first steps have been directed 

towards improving the basic definitions, which are expecially sig- 
ner • 

nificant in the light of the necessity Itm intro duci0f»^bound states 
into the theory. In this respect^: 


the work of 


) in which a number of problems 

connected with the mathematical formulation of the requirements of 
relativistic invariance and the procedure of second«»gr quantization 
•have been elaborated* ^vnyorV^r\c^^. . 

From the point of view of conventional field theory, the method 
of introducing bound” states into the Heisenberg scheme is not ob- 
vious: if we do not resort again to the adiabatic switching off o± 
interaction, the particles that form the bound state are alljthe 
time close to each other, whereas in the Heisenberg statement of 
the problem, all the particles in the initial state must be spa- 
tially separated* A way out will be found if we consider each 
concrete bound state as a particle of a new type and if instead of 
**speaking* about “jthe formation of a bound state we will speak of 
the annihilation of the initial elementary particles and the 

creation of a new 'complex' particle. Naturally, in such an 
approach there arises a very complicated problem, that of descri^ 
bing the interaction betv^^een this large number of corcplex parti- 
cles newly introduced. Here we shall not attempt to deal with 
this prob,p.em. 
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Now the question imuiediately arises as to how to descrloe 
the initial states of spatially separated particles • We may re- 
call that in conventional theory, when the possibility of bound 
states is neglected, the total Eamiltonian H may be divided into 
the ‘kinetic energy* part Ho, and the interaction part V; and the 
initial states, no matter how many free particles there were in 
them, are eigenfunctions of However, in such a division both 

the self-aii3^^ (due to which the particles in the initial state 
prove to be not real, but fictitious free particles) a.nd that 
part of the interaction, thanks to which the complex particles 
exist, are thrown out of H^ will not have such particles. 

Now we want to isolate H^, the eigenfunctions cf v/hich are the 
initial states such that both of these unpleasant facts may be 
avoided. This may be achieved with the aid of the following cone4* 
struct ion ( 

Let us consider (X system described by the total Hamiltonian H 

(we make the construction by proceeding from the correspondence 

principle with the conventional theory). Let us designate by the 

space of all single-particle eigenstates, i*e. such states, in which 

there is only one re^ elementary particle. If the Hamiltonian under 

Gonsideration permits Q±„the_exi.sterjiGe of, bound .states, it will 

then have also eigenstates, in which there is one bound complejj; of 

real elementary particles. The spaces spanned 4^ such states 

we shall designate by fip, respectively. We may note that the 

• (7 $p ann€d j 

bas» states the spaces R^, R^^TT^may be characterized 

as single-particle ones. We have in view here two peculiarities of 
such states: 1) from the point of view of their observation they 
have a certain degree of localization (Compare the clever determi- 
nation through a series of mental experiments by HaagJ ( )J^ 
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2) they are stable. 

The space ^ the vectors of which may be considered as functions 
(^escribing the initial (or final) states we need, which states cor- 
respond to any number of mutually non-interacting (due to spatial 
separation) particles, will in this case be obtained obviously, as 
a direct product of all spaces 3.2* •• each of these factors 
may entef into this product an arbitrary number of times in accor- 
dance with the fact that in the initial state there may be an ar- 
bitrary number of particles of each type; 

A ‘free* Hamiltonian, th^ eigenfunctions of which are functions 
that describe the initial state of the mutually non-interacting par- 
ticles, may be constructed as follows; Let us introduce the operators 
for projecting the Hamiltonian H into the spaces R^, R^,...., 

- operators and determine the ‘free* Hamiltonian 

H as a direct sum 
0 

H,, - ^ P, H b P. H h ... b Pi H h Pi b( h . . . (2.2) 

Then the total Hamiltonian H may be written as 

ii = K., i- - ! > ' i- . l-l. y (2.3) 

The interaction Hamiltonian V now describes precisely only the 
mutual ftiifiOTH iti E' of the particles, but not the self-«B*ipli», which, due 
to the selected method of construction, is entirely contained in the 
Hamiltonian To be more precise, V even describes only that part 
of the interaction which is responsible for the processes of scatte- 
ring and ci^lition of particles inasmuch as the interaction that holds 

the elementary particles in the complexes (‘complex particles’) has 

// 

also been already^ pushed into For this reason, when considering 
limit transitions to the initial or final state, t — > T , we 

may deal with the interaction V without any special care, for examp- 
le 
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le, we may simply utilize the adiabatic switching off, because now 
this will not lead either to the disappearance of self-aBrtEsia or to 
the disintegration of the bound states* 

The references, made in the preceding construction, to the Ha- 
miltonian and to conventional theory were of course of a purely il- 
lustrative character and v/ere aimed at making the explanation as clear 
as possible and also at connecting it up with that which is generally 
accepted. This construction should be considered only as an example 
of how, preceding from conwentional theory, it might be possible to 
several of the basic physical assumptions the formulation of 
which we shall now undertake. We should like to point out that alt- 
hough on the one hand all | these assiimptions are complied with in 
conventional theory, we do not believe that they fully exhaust its 
content. Let us leave this extremely interestipjg question open. In 
the same way we shall not attempt to solve the more general problem 

C on s tS 

of whether our assumptions form, to any extent, a i I'li . 1 4^"^ i iim ^sviy ., 
independent and full system of axioms; these assumptions should be 
viewed not as an attempt to create such a system in the meaning 
that mathematicians attribute to this concept, but simply as a col- 
lection of suppositions which we required for the construction of the 
derivation of dispersion relations. 

It is convenient to divide all of our assumptions irft.o two groups: 

general properties which in our opinion are ilwil for an extre- 

(tocai) 

mely broad class of possible theories, and the special ^properties, 
i'Tju (Lilli iitfc*, that are connected with the requirement that we impose 
concerning the fulfilment of microscopical causality* From our point 
of view, this latter group of requirements is necessary in order to 
obtain ordinary type dispersion relations. 

1. General Properties . 

1. In accordance with the above, we accept the Heisenberg sta- 
tement of the problem: we shall consider that the asymptotic states 
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of the system represent totalities of a certain number of elementary 
and oov^BK infinitely distant from each other. The interac- 

tion between these particles is equal to zero, and for this reason 
such as energy, momentum, etc. are additive. Such states 

are described by the amplitudes | , which are elements of li- 

near space^^*^which one may conjecture as being constructed with the 
aid of the method described abovei. 


2. We shall consider that we have a certain group Cr of transfor- 
mations L, which includes as a subgroup the Lorentz group (Ij may 
include also other transformations, for example, isotopic^ or 

transf orEiations , etc.), under the action of L from G, the sta- 

a* 


te amplitudes are transforraed 
oV' L 

presentation 


a certain unitary re- 


with elements ‘ 


r/ 


^^In analogy with the argument of -pn-rm i rr^dii- 

it should ?e noted that for one-particle states, lorm 

cible representations of group G. Further, from tne construction 
performed above it should be possible to establish that for any 
Lymptotic state (insofar as it is always represented by a vector 
in the direct product space) the infinitesimal operator is a 
direct sum of the infinitesimal operators ti , that cori'e spend 
to the Irreducible representations. Hence, in particular, xhcre 
would then follow the statement made above concerning uhe additi- 
vity of the integrals of motiono 


3. If in the state |p> the vector of four-momentum p has 


a deirinite meaning, then 

(Jl = 


r ^ \ V 

e I P > 


(2.4) 
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if L is the translation 
a 


state 
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X Xi- 

, for v^rhich 

a. to'> = O 


.There exists a 


(2.5) 


I -‘the vacuum state* 


Similar properties may be formulated also for other subgroups 
^ G, for example, for representations that correspond to theVmomentumt 
4* There exists a system of eigenstate amplitudes of four - 
momentum, rdTtnr^ correspond non-negative values of energy, which 
is complete, so that ^ 

C^lAiiif),= ^ ( 2 . 6 ) 

y\ 

Here n signifies the set of all the remaining quantum numbers 

which in ^ t u n c t with k fully characterize the state. 

5. The subject of the theory is the study of "the probabilities 

of transitions between such asymptotic states. We shall assume that 

each transition between states / '^ > and / ^ corresponds 
a definite probability, which is expressed in 

the usual manner by the elements, , of a certain unitary 

matrix 


^ I'j ^ - 0 ^ ‘ 


(2.7) 

the elements of which may be regarded as the mean 
values of a certain operator S: 

vS I /3 U 


c _ 


( 2 . 8 ) 


6. Since we consider single-particle states as the states of 
real particles, our single-particle states and the vacuum will be 
stable , i.e. 

j 0^ \ ^ b 


(2.9) 


if Up 


is the 


Istatelof the T^aciium, of one ele- 


mentary particle or one component particle® 
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Before passing on to a description of special local properties, 
we shall add the following remarks. 

It is obvious first I all that our asymptotic states 'that cor- 
respond to the presence of a definite number n particles of defini- 
te types with definite momenta p^* may be obtained 4^ intro- 
the usual way creation operators ^l(/j^P,^and destruction 
operators ^^!^(ptjof particles of type with the momentum , 


and us^J^them to on the! 




s t a t eipiAi 4 lirr- T,itftioiTOm ; 


— ( 1^/ ) * ' • i 




( 2 . 10 ) 

md. from the circumstance that^^our space-divided particles do not 
interact, it will follow that the operators ^ ^ satisfy 

the usual cpmmutati-on relations 

^u<(p'j I = ia.' hf--p'J : j 


(p'^J - ^ 


( 2 . 11 ) 




tior 


From property (2) it will then follow that iit the transforma,' 
^ ij from *0 the operators ^^^Ypywill be transformed into 


Q hs) ^ a -- a‘J\pj oS 


( 2 . 12 ) 


In order to be able to formulate the causality condition (and 
in generiil discuss the local properties of the theory), we will 
obviously have to learn somehow to distinguish the individual 
points of dm space-time. For this purpose we shall construct mds 
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ov^'V 

the creation and destruction operators ^ elementary particles 
the usual space-localized combintaions : 





8 e 


'■'{m) 




J 


( 2 . 13 ) 


where, In order not to mafce the explanation, cumbersome, we wrote 
out the formula relating to the real scalar field. It is precisely 
at this point that we meet for the first time the difference 
ween the elementary and the compound particles. Although for the 
latter it would be possible to introduce formally the definition 
of the type (2.13), the physical meaning of such combinations 
would be rather cumbersome. ” ■ . " 

Further development in conventional “theory may be conducted 

ih approximately the following manner. The scattering matrix S 

I 

may always be thought of as being sni a series of creation and 

destruction operators: 

.>o 






( 2 . 14 ) 


(for the sake of simplicity, we shall agree temorarily that^we_,“' 
are working with particles of one type). Such an expansion might’ 
be rewritten with the aid of (2.13) as an' expansion in terms of 


the normal products of the fields 


r A • 




( 2 . 15 ) 


formation of the variational derivative of the 
S matrix with respect to the field , -^'7 by the follo- 

wing operation: The sum is taken of all the expressions obtained 
from each term (2.15) by consecutive cancellation of one JtottKi 
^Uc) ^ it being substituted by c) { X- ^ , 




a 
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Then the matrix elements of scattering matrix 

j -I Pz ( -> i pf / 


( 2 . 16 ) 


\ might be reduced to the vacuum expectation values of the "radia- 


tion operators" 


H (y,,..., /..J -^v 


d' 




^ ^ ~ ' (2.17) 

Indeed, vj.rtue of (2. ID) the matrix element (2.16) may 
be rewritten as 




/r 




... 


(2.18) 


Again,' limiting oufse|ves, for- the sajce of simplicity, ’iof the case 
of real, scalar fields, we may note that from (2,11), (2.13) we 
obtain ■ . 


I '- pf ' ~ 




- ( p K 


j 


■h ^ 








Uf f. 


(2.19) 


■Vt ^ 


where p f J p ^7^ m 

whence follows immediately for the commutation relations of the 

creation and destruction operators with the scattering matrix: 

“A r fl ^ 

— '3f X * — ( ^ / 


? 


m 


1 p(p)P 


where again 


fif‘ 

i 


f. cpx. 


(2.20) 


Ckj 
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now transfer lir (2.18) ^to the left-hand sid^ all the 


creation operators'*^4’nd the destruction operators to the ri^ht, 
where, acting 6n the vacuum function^ they give zero, we shall 
immediately find ( we assum^ that all the momenta and 

, P- are different, otherwise there would arise more terms 
of the same type, but j less degree) that (2.16) may be written in 


the form of an integral 


77 1 ^^' 

'Juj 2 . J 




i j 


i ^ :i Pi"-' 


- ( 2 . 21 ) 








\ I ^ i 


P; 


- ^ '/ pr+ 


y 


Under the integral in (2.21) are precisely those vacuum expecta- 
tion values of t^ie radiation operators of (2.17) that have just 
been determined. Indeed, in virtue of the condition of stability 


of the vacuum in 1.6 we find: 


/ 


/“•N 1 


0 


/ 


- , ! 


(2.22) 


, . . I 7 0., .// 1 h'P- // ) y 

... 

We may, however, hote that this deduction was made a little 
too hastily and that we did not follow the actual meaning of the 
operations with sufficient care. First of all (2.13) oanno_t, gene- 
rally speaking, be solved with respect to ^7^“^ since this 
expression defines not an arbitrary but only the 

that necessarily satisfies the equation 


f 0 - j txj 


(2.23) 
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For this reason, from (2,14) we cannot obtain (2#15)> the functio- 
nal determined for a broader class of operator functions » 

which do not necessarily satisfy the equation (2 •23)* Further, we 
might seem to have indicated arbitrarily the rule of variational 
dif ferentiation with respect to ^ • Finally, the commutation 

relations (2.19) are obtained from (2.11,13), again only for such 
as satisfy the equation (2.23). '^e however used them for 
an arbitrary 

In essence, the meaning of the transformation was that we 
actually extended the definition of the S matrix, removing in 
(2.15) the restriction of (2.23) and considering the scattering 
matrix as a functional of arbitrary but commuting ( or, for fermion 
fields, anticommuting) V'c • And all that we shall need 
for further investigation is the commutation relations (2.19) of 
these functiofis with the creation and destruction operators that 
make It possible to establish (2. io) and in this way the rule for 
reducing any matrix elements of the matrix to the vacuum 

expectation values of the radiation operators. For this reason, we 
shall not refer any more to the analogy of conventional theory, but 
simply require the fulfilment of the following t 


2. Local Properties 

1. Elementary particles are characterized by boson and fermion 
fields with the ordinary transformation^ properties"“of 

free fields. j Operator S possesses variational derivatives of any 

-.r / 

order with respect to these fields^^ . Radiation operators (2.17) 

^^ere, the variational derivatives have all of their usual pro- 
perties. Their transformation character is determined by the trans- 
forrration character of the fields ^■( Ixj . The derivatives of the 
S-mattix with respect to boson fields commute, whereas with respect 
to the fermion fields they anticommute among themselves. 

xx/ 

It should be emphasized that such an extension does not carry 
us out of the fremework of conventional theory. Indeed, 
in the usual theory **fields" pfay a double role: 

firstly,, the operator. S itself is considered to be a functional 
of these fields, and secondly, the creation and destruction ope- 
rators ACi^) that correspond to the fields serve in the calcu- 
lation of the matrix elements of this operator. And in the first 
case, the fields always stands in the chronological or normal 
^ products and therefore coramute (anticommute) each with the other. 
In addition, in this case taking variation no restrictions are 
imposed that are connected with the requirenient that the fields 
hav]iiai§ to satisfy some equations. Actually, this is equivalent to 
the assumption that the S-matrix is considered to be a functional 
of arbitrary classical functions , ^/?(x), ' which precisely 

comm-ute (anticommute ) and which have only transformation proper - 
ties of quantized fields. On the contrary, when calculating mat- 
rix elements it is essential that be operators with the 

properties of (2.19). 

S'* s 
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and their products with independent arguments are integrable^that 
is all the matrix elements 

\V Hku 

are integrable functions ti*Bt ‘'belong to one of the classes. 

(See (1.1), {1.2) ). 

2. The causality condition is fulfilled in the form 

for (2.24) 


X /X ( '■)=o 

This causality condition is absolutely analogous to that used by 


Bogoliubov and Shirhov ( : ) , 

to which we refer the i-eader as regards an explanation of its 
physical meaning* 


3* The matrix .:elem.ents of,, the scatting matrix may be transfor- 
med into the vacimra'nv^'lT^of raclij^/tdon operators by using the for- 


mal relations 

f- /. 






F'/ 






/■ff'W j 


^r'f 






(2.25) 




+ ) 


and analogous relation s for f ermions 

i-y* ' I , 




n 


I*-; 


(2.26) 




v.i'xj, bxh : = — — - e , 

-+ 
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Sec.2, Basic Assumptions 


x/ 

Given below for reference are the main equations for a spinor 
field which conditions are fulfilled in the conventional theory 
of a tree field in our notations* For the field operator /V J we 

v/rite the expansion ^ ^ 




f 




(2.27) 




where t: j U. and 's' are quantum numbers that define the particle- 
, antipar ti cle j the spin and isotopic statej are the 

creation and destruction operators of the fermion in the rexpective* 
state; 4/^-’ are the respLectfve spinor amplitudes. Then for 

the Dirac-conjugated operator we obtain tlie expansion: 

' ‘ - y’ 




Lie < 


(■t-J 


) 


^ I 1*^ ^ J 

+ e, u (i^) 6_j. c^) j 

k. - -h \j 


(2.28) 

j 


The creation and destruction operators satisfy the anti - 
commutation relations: 

(2.29) 

-J ^ 


‘the renialning anti commutators being equal to zero. There are the 
re3.ations of Hermitian conjugat’^ cn* 

•- (^V (2-30) 


i +oZS 




- vs 




\ rx 

From the fact thatVi^^®^ satisfies the Dirac equation 

(2.31) 

it follows that the amplitudes IZ~ satisfy the equations in 
the momentum representation 


(l)-o • U) 

and 


(2.32) 
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Sec ,2. Basic Assumptions 


In addition to the expansions (2,27), (2,28) we shall find 
it convenient to make use of the Fourier transformations 


h U)= ’ 


and 




£ >.p; 


(2.53) 




(2o4) 


in wliioli it is not assumed that satisfy any equa- 


tions and, cor:j’espondingly , all four components of the momentum^ 
are considered "andependent, Fc 


independent* For the functions that satisfy (2*51) 
the operators and /p) are related with the operators 

by the following relations ^ 

(p) - ’‘la) [hiy'i I ^(p1 ^ ^Pi ^ j 

^ ^ ^ r ^2.55) 

/ 1^4 7 /o^.^ hT ) (-p) (-fj J 

y ■ >*> ' ' ' h) 


and Vx (p) = 2 m 7' />! U Y (p) 4^*'^ LpJ i- j 


7- 


iTrom the expansions (2*27) and {2.28) and the anti commuta- 
tors (2.29) we at once obtain the anticoramutators (2.26) postu- 
lated in the text. Let us now add the equations for the peu'muta- 
tions of the destruction and creation operators of particles with 
the transition matrix 7 ^ 


V K y ^ j- 




I ^ 


r 


ipJj = e(< 


„ 


. kp) 


r\ 


bticxj 


(2.37) 


It should be noted that, as distinguished from the boson fields, 
when the equations (2.20) were equally applicable both to the S 
matrix itself and to any one of its variational derivatives , (2 .37) 
are applicable only^ to the S matrix itself; to take the succeed- 
ing variations with respect to the fermion field, the necessary 
equations have to be derived anew due to the anticommutativity of 
the variations. 
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Sec #2, Basic Assixmptions 


It should he noted in concluding toat for the calculation of any 
matrix elements of the S - matrix we ought to have some analogous 
rules also for the transformation of matrix elements into radiation 
operators 7vith respect to states complex particles* This 

is a very interesting and important problem, but it could form the 
subject of an independent Investigation and so we shall not deal 
with it here. Fortunately, we shall not* have to solve this problem 
in order to derive the more interesting dispersion relations o 






■sfJeW. 
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The rel a tione betw een Rridiatian Oper^. t o rs 

In the preceding section we introduced th.e concents of ra- 
dietion oper-tore of different orders. Lot us oov consider the^ii in 
uiOrQ detoil. First oii oil? it will be oouvenient to .xiOivO tnis oon- 
siderntioo inoro^ concrete reotructin^ ourselves to^tde case of 
sofiie definite fields, H-“^ving in view the f'^uct (as we hove already 
had oeoasion to point oat) that the greatest interest now is the 
ikeson theory 5 oe shall select tne probleiu of the interaotioa of 
nacloon and noson fields, iith the paroose of heepin|< our reasoning 
as definite as possible we shall restrict oars«^lveB to an aoooont 
only of isotopic invariant interaction and .ve shal] not toKe into 
account the presence of elect roiiiagnet ic and wecii int er act ions with 
light particles. 

As usual, we shall describe the nucleon field oy the spinor 


/ 1 


('5-1) 


The ^.eson field we consider ps n field /ijli three reel 

pseadosG nlpr couiponanta th^forii e veotor in iaotopic space. 

j\nd, usfxal. the linear conb.] 


st i on s 


■ VP = ^ ^ d u? = o 

1+ >[ 2 : {X ' To fs (5.2) 

will be opposed to the port ides 7« 'd TT^*' and wr' The selection 
of a real representation ( although as a matter of principle this" 
is not obligatory) will simplify slightly farther argument, 

he shall consider that group G- includes (in addition to the' 
Lorentz group) rotations in isotopic space and first-type gradient 
' t r ormation of fermion field values; 


^ ; u - Cowit 

— Ji — 


(3.3) 
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The operators of the first order are the siinplest radiation 
.^opero't ore. Due to the fact that real vv e I' e s e 1 e o t e d j there 

will be three such operators (in place of foar otherwise)? 

We shall c^ll these three operators c arreritjs , the first one a 
bos^ G ar rent , d t he t wo 1 at t e r , f erioi -s*- c ar rent . 

It is easy to see th-^t clue to tho oni Parity of h and the real- 
ness of 5 the beson current i"' heriuitiaru Indeed^ 

if we execute in the lieriiit i an cohjuBation^ v-e obtain 

but SS^-i and therefore ^ 

‘ s+- _ s 

Pop: this reasion fx) coincides with 

The q.u,estion of the llerjuitian properties of feruiion currents will 
be treated in the next set ion. 

It is essential here to note th-t the oacuuiii Uiotrix elements 
of the current operators are identically spuai to lero: 

<o|j^upo>-o i <oidu)lo>=0;<oir\u)io> = O ^^-6) 

In d,aed j. .with, the oidwof ■ assumpt ion ’ 1.6 and utiliziri:'^ the trans- 
formation 2*3 (Sec. 2) ouch matrix elements reduce to matrix elements 


of the tyoe 


1 o| I o> 


^'The teri..^ ‘current’, is based on the analGpy of perturbation theory, 
where the first of these operators in tne first approximation is 
proportional simply to '•'IfrT/.Y , the current of non-int eract ion 
of fermion particles. However, the 'words and 'f ermjgqji'' are 


used there in a slightly unusual sense; t he .y indicate the fie^^d in 
which variation was conducted. 


Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 



I Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 | 






- 34 - 


which sre ohYioasly eq.ael to zero in virtuie of the definition of 
tile VROuiiiiu ( (X}^^ 
f eriLiions ) 


er# ere ,1 on./ deot root i on oper'^t oo of boeone or 


. Qtcfezj 

In oar cobo, tnere moy be ot i on. operouors. 'Che voouaia 

expect at ion v e 1 a e o f f o a r of t h e m a r e 0 'lii a L 1 0 b e r 0 on t h e s 8 


groan ds 


< o \ 


rs 




S^'l d>^0 , ^- -: S'^lc> = 

' > I 


0 


,(■3.7) 






Indeed, oar or^yuient noy b^^-' applied dir/otly to the ..dxed bo eon- 
fend-ori rieriv at i'VG c , £dace after tiioar t r - m, r f onoot ion into a sum 
of aiotrix elenentr of the .prodacts of tbe creation eno deet motion 
operatoro, each teru. b.as one feriiion and cne boson operator, which 
act in different spaces, and for this rs'-son each matrix eleiuents 
may be written in the form of direct orodacd: of mat no oleiuonts 
froiJi single operators. As concerns tiie doahls for.idon derivatives, 


It may be noted here that already from consider ations of transla- 
tion invariance it slight be possible to conclude at once that the 
matrix elements ( . 3. 6 ) '’"should be constant. In oar concret e case.^ we 
might even go farther and con cl ado th--d tinj first of tj/uso matrix 
elements was e^iual to ‘zero due to tr:o invariance with respect to 
space reflections, ;.nc; the other t'wo due to anvariance W-^th respect 
to gradient t ransf ormations( 3* 3^) > However, in the case, for example, 
of the derivative with rcs'pect to the neutral scalar field, consi- 
derations of covariance weuld not be sufficient to conclude that 
the matrix elements (3«b) are eanai to zero. 
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after the trariji'ition to the creation and destruction operators the 
siiiit may contain either tormB with two creation/ destritction opera- 
tors, oDViously ecj^ual to zero, or terms with two different opera- 
tors. But in the latter case, these will necessarily be, for the 
matrix elements of (3.7), tvVO operators, oae of 'which belongs to 
the particle, •^nd the other to the ant i-p^rt iele . in other words 
^Iso actj,.nf: eL'S>; tl'^-Iiy in different spaces, arid our argULffient 

is true. 

Thus, if we were into rested oriij in Yacttuia exuectation values 
from rs^aiation operators, .ve would have to examine only two ooera’- 
tors 

and 

7^5 ( 3 . 9 ) 

As we shall see later, it will also be aufticient for us (in orde^ 
to deduce the dispersion relations of mesoii-riiialeion scattering) to 
examine only the radiation operator (/.o), or, to be more preciso, 
i_ t a ! at V i .X .e 1 e e n t b t /v e e . i t V' o s i.i 1 e — n uc 1 e ^ ' ■ - ' '' o t h i a 

reason vve shall now gj-sgusI' in iiiore detail this latter operator. It 
should be Ke\jt in mind that a siwdlar invoc t igation for other ra- 
diation operators ot‘ the second order wjuld appear to be nearly the 
same. 

In order to maAe clear the idea of the computations v/e plan, let 
it oe recalled th'^t/ ‘3S we already mnow (Gee beio.v, the end of Sec.4i 
the vacuum expectation value of r^aiation operator (3.w) coincides 
essentially with Green’s function for bosons, i.e. with the vacuum 

expectation value of the T-product of two qyierators of the ’’real” 
boson field. 


m 




# 
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On the other hand, 3 consideration, in the free field theory, not 
only of the T-produjf __bat also of ether various products is very 
useful. It leads to the int roduction of otiter singular functions in 
addition to the oausai function, /e should li^e to do the same 
thing here, i.e. introduce, in addition to the radiation, operator 
(3»Q), other operators connected nitii it in the same nay as various 
singular functions of the free field are connected '//j.th the causal 
function, hhe introduction of such operr:t:).r- ,vill prove extremely 
useful for further invest ig at ion. 

For this purpose lev us .nov O'^iculate the variation derivative 
of the current operator -introduced above -'3* 4. In, 'he obtr^in: 










(3.10) 


^where one of the terms at the right coindidco vith the radiation 
operator (3»6), The second term at the right may be ex.pressed by the 
product of the two current operators, after n-nich vve arrive at the 


'teiaiCon^ 






The left-h, and side of (3«11) is syiiiiuet ric vvitli .respect to the per- 
mutation of (^) and . Therefore, if ve execute this 

permutation we will obtain one mo.re expression for this same 


operator (3»8)j 


Vs 






(3.12) 


Certain individual terms in the right-h.aiid parts of these expressions 
are among those new operators which, we intend to introduce. 
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It is not difficult to grasp |1 :iq liieaning of the operators in- 
tro f^uoud. In deed y the first tenas in the rip.ht-hand parts (3.11,12) 
are Bimply products of currents, that is, operators which should 
becouie analogous to the singular furxctioris of the 

free field theory. Belo’w, when *0 exaiiiine their iiistrix element s we 
s.h all 3 e 0 in w li a t sense they a o t a s .1 1 y c 0 n t a in o n 1 y t h e f r e q u en c i e s 
one sign. 

In order to deteraiine the -leaning of the second teri ;.3 in (3.11, 

the t matrix -nri tarn to the condition of 
) . he will t h. 0 n s e r t h a t 

o if ( 5 . 13 ), 

(3.14) 


12) let us theu 


.ity't I'.t" ■ ie-efToyt Z 


_ ^ t j (x) _ ^ 


^ , 




/ii^sp=o 


-i 


that is, oper'^tors 
behave just as the adYanced and delayed G'.reen' 


and 


functions. 


If we now tame account of the rationuS (3-13), (3.14), then from 
( 1 . 11 , 12 ) we will obtain 










when 


H is, ^ 


(2,. is') 


that is' 








(3.15) 


as we expected from the very beginning^ 


It should be pointed out tiicst ep^uations (3.13'), which are actually 
a definition of the T-proc^uct in (3*13), determine it only for 
For x=y, the vaTue of (3.13J remains indefinite, which fact will tell 
later on in the possibility of adding certain arbitrary polynoiaials 
to the respective Fourier transforms. 
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Fin??lly,if in (3*llfl2) we carry oat ariti-oymiijet rization and 
syiiiiLetrization, we will arrive at coiiibin at ions tiif-t are siiiiilar to 
the singular functions 2) and 2 ) ^ ^ : 




( 3 . 16 ) 


in po/K'i ( ct4 £ct^ 

If ve occount of (■5.13(14), it foliovve t'roii (3.1o), 


3 . 17 ) 


... that 




ior 




i.e* that for t,h9 radiation, operator fwhich is 


t i 0 n ^ ^i 1 3 lii 0 3 1 i lit p 0 r t an t p r o p e r t y ^t h a t o f b e ..i-n , 


outside the light 
here that tliis pe 


G f r e t .a i .n ad^ 
aliarit^ is due ent 


'Ve s ho old 
ircly to t 


similar to the D-fonc- 
g c on V e rt o d into zero 
liivB to eiiiphf^size 
lib causality regui- 


renent t,hBt oe inoosed (2.2 froni fee. 2)- a hat is nore, a niniber of 


authors ( ) ased 

preci§el,y this reiiaireiuent as » caiis^iity conoi tiori in t.hQ deduction 

of disperVion ?:'eluticns. 


Later on we also need the relation 


the validity of /which becoiiiOS obvious if we recall that 
df' and are i yraitian. 


( 3 . 19 ) 

both 




m 
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Let lie nev/ proceed to eeteolish of ‘'ect:;-, vph^cli for tiie 
-i'fl et eieeieote oe ttie revli et lori o o f.'*e y/.L'cri epoch to eny stcH"” 

t e b } l ol.ipw 1 j'e ro.-'i'.i.ciTi p oi i "'t i op ip/v^ rieocc* It i-s b. 

vv el i “*■ .:\p. j',Yn. j- ‘ip b t P e (j or to,? r ,uX e.LeiLoo.'rt, oi’ o o e 3 .' p t o r ' of tt-G 
oecoQc! order o-p/th. reooool; to voo'.i'i.i: tviee r:ioajp:’.::.imt Lj to -■ 
sitiiotjop orere to.; .i-tr:I.x -1 o;:;oot .-y or t.i - diff^rronce 

x*“jo ^0 lor eieiuent;: Aibd ^'efifoect 1 0^ 'Piy st : oe bitaetion 

io olirhtly .uore oop.)lexj oltviouph in eo-'-eico pt toe of^ne. 

CbTioLielY it ie Oiii 3 ' ie i eifit to restrict oieo‘fl. 1 ' to tfo 0‘'>;i8ider3’” 
tioa 01 iir^trix o.l.r....i-:it s vlth. re"oect to otot.,: o-vli-, o dbftnito 

totol 3 ; 3 ..:e.nto,.< P ' vv.;,o-; M 'O.ii'o- -- ’ i-ll 

Jp^ 

debigofvre by S)ValG.n, eccordinr to the ^oGuiDptlon. 1.4 in e'eo. 2 ,forffis 


the p.ptrix eie- 


the totri oyetciu, ihacg leo 0.0 eonoider for 

xueh-'o Det'A'cen ■bp r;yte£; I p, S poo i p*^S ^ of th.e radiation 

. _L 

operrit or 




S'^ : 


In virtae of the t ranslation invaria^ioe t.icre ohonid ne 


y ! ^ I i ^ C 

^ P ^ I fiTwtKiThi ^ p ^ / 


P's'l4;h?OJSPf^> * 








r-^ „ cx _ 

o , t . i r-^'' ~ 


, I _^fs +1 


S'fj>'(x-q^^fjf>(y- a) 

where i« the oeer-ter af the totcl f *..ae a elf -st atee 

of which, according to the assu^w/^vt ion , are the etates I pS ^ ^nd Ip^S^) 


Selecting now’e' ociaaL tc 


x + 9 


./e eee tn^:'t trie ope re ‘.or under the 


sign of the jratrix element proves to be dsohjidont only on tiie 
difference (x-y). Therefore, oe o.ay write: 
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4(? 


where’ the factor is cdiod fron. cansider-^t ioas of go rresp:mdence 
v/ith Ghe clef ifj i. i, iofi of the oingairr fanotiG>fiG^ for a ir(?e field. 

Ba:ue la deBignatod by the sign(Grin 
The mo^rix oLe.uerito also for other r'-ai-itio^ ooeretoro of the 
second order jixi / be re eree-xit ed in exact! v top 




(e2i'! 

c-p'^' I jyiwjyj)- ( 3. ?3) 

(il 

p..-, , (5.2b) 


In egaetions (f*20“”2t)), for the orxe of brevity '..00 ret of the 
indices j:>,p , S is oesixrieted oy , -Xi-i of S' by 




For the current orofucte one liiov. of c^jaree, rewrite the 
expr H e eion : ■ t]'x;t t^ne account oi' the t r .''■ug _ "t ion inv ^Ti ;eico :: 






( f. 


< 


* p , 


However, we liioy go farther or, ill end deueri 


f anct ion /v>^ in riiore detail. Itrecipeiy uec 
1. d of Sec. 2 c on G3-rn.jjiy tne c oriole t ness 01 . 

with deiiaite i^on^ente, .;e uio^- eipond the .aorr 
hand side (3.26! into n product of g Ir- ‘int ro..! 

ca.rrent : 


l~9 


r; the G tract are of tne 
^o.ioe o:(^ esouciiption 
be oystoh of functions 
-1 oio...uO:it on the left- 
^ioii.nto yf the 
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- - 

4p's' 


- rrr^ U<^ ir^> 

(:5.2a) 

VTe c^n no'.v iise (xf th .; Oi»:Lx-..x; f'or t r --a;: L'-t:; on i av ‘"ri r.nce for 

eoorj d: the ea:r-'rent opO'rot:)ro in (>-23), hhe ne ht-rinn cf oiPe 

will ba os fo Iiov/«: 


l2~\ 


7)%Z jii<F'i'li,'lo)l K n>< <r)\^^(o)lfS> i 




Ooiiip r':f ins, this 
of iae •'^'.i.uc t ion 


e s s .■.. on vv 1 1 ii (3.2c), no o i.' t : •; i n 'xi on .) licit f □ riii 

^ c~j 

5 aon expressed only bp tne umtrix 


Jdi( < I j K,^>^ /=s> ■ 

iJl lU ^ ^ ^ 

, ^ {-i(iM^ - E^^)k° U- 

iih2r3 iiS = J , tha ia, In :.hn nt-a,:; a. n^ 


The iiiiporc'Uice ul aq.. (o•o^)) coas.ist3 in ine foot thnt os has 
been cstablisncd eoove, s^.nco ail radiation opo.raiorf? are rcz^Iated 
to each, other, it uianes it possible, in pr-Lncipt^f to express ail 
the radiation operation's t.h.e aecorni oxnh^r up or s of the 

firct order. It J.s hrot-, .nn ;..]'iall d exo;!') si ra' e in tile next section 
with v.^^co.:riU ii;atrix eiciients, one i..nst carel‘a.1 j.n virtue oi tiie 


singnlar behe^viour or radiation operate rn- .oyen the arpuucnts coin- 


cide. 

i'roiii defi.nitions ( 3 - 20 - 27 ) nnd the relations obtained earlier 
between the radiation operator's there foiiovvs a lar^e naiiber of 

r~^ ^ (-^ ) 

relations betv/een the functioas r , . . r • of 
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all, by permat ation of x and y in (5*22) and (3-27) we are 
satisfied that 


(3.31) 


end 




(3.32) 


■wiiere Pp/*' denotes the index pemat stioii operator p and p' . 

How fro.il (5.11) mid (3.12) ,ve obtain 

- Ful* (><) ~ fiZ^ (-xj ( 5. 33.1) 


/vi>^ /Wio^ (W 4 fv^o^ - f^j,< (-x) + 1^) ( 3. 33. 2) 


^ -c-ef 


And now applying also 3»16)? wo find tiiat 


fl«> - piu> = Fli‘Z^(X) + hlt^* (3.34) 




or 


hd»>('><)- lv!u> (- '>(}= (X).— Ppp< FZ^ (-x) (3.34s) 

Coaip-ring (3.25), (3.21) sn.l (3.22) we see that 


tJtf ^ 


iv<A> ~ 




(3.35) 


Finally, comparing (3,24) and (3*26,2?) and tailing aeo^oant of 
(3*17)? we note that 

Flil( x)=i i (p36.i) 


Vv> 

and 

idl . . - ^ C 


fi.W C fCWx;-. /vl'vi-l.- fhliKW- (3.36.2) 

V/e now -write oat the relations for Herfiiitian conjagation. 

In ( 3 . 30 ) we perform the complex conjugation and find that 


/Cl>{x) - - /wj f-wj 


(3.37) 
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Mow, from (3*19) it is easy to obtoi 


iin 


(Xh 




( 3 . 38 ) 

fOX 

With the old these e:;i.aetions ^nd exoresslons (3.34e,33) fiif the 
fanoti on s ^ it is easy 

to obtain also the rales for conjagetion of the lanetions /Vco- 

and .Cu> : 

Flyj. ( 3 . 39 ) 

% However, in adc^ition to the coniolex oonjogatiori srid permutation 
of the indices cd and 6%-?- the ^CfO^ Hermitian conjagation shoaid in- 
clade also the substitution of x by -=x (the permutation of x and y). 
In order to determine the rules for such conj ugat ion , let us find 
the properties of syiMietry of the functions FIi4a> > 

which are also of interest in theiiiselves« These properties are (iuite 
obvio'is froi.. (3h54^?3b) 

^ i ( 3 * 40 ) 

and differ from the propertres of synuiiet r;/ o'^^ the respective free 

singular functions only in the appearsnco of the operator , , 

~-o£</w C£ 

which in the case of a free field into a unity operator. 

With the aid of (3-40) oe may write st raiy htf orw 

fuj-j. (-x)=~F'u^ (y) , fu.^ M = Fof^ (-xj- /Vco-<'xy(3.4i) 


that is, the matrix fC^(y) is ant i-flermit ian , and the matrix 

i s Ti e r mi t i a n , N o 1 1 n g n o w that 

( 3 . 42 ) 


FUi^iy) 

/V«0- ~ ^ 

fu^I (-x) ~ (y) — ^ /v!-> 
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rH , 1 -xjcio/tdtd 

we see that is the Hermitlen part of the 

matrix ^ ,%n% ^ ils anti- 

li e rmi t i an . po^T, 

# * 

Retarning now to the properties of spiiiiuetr^ (3*40), we see that 
from the Hermit i an and anti-Bermitian parts of the matrix 
we may form two combinations that are even with respect to tte 
reflection )( — > ~>< * 


( i- p„.} a- 

an d 

fl+ ( 3 . 44 ) 

and t'wo od(i oombinat ions; 


( i + Pff>) - ~ ( •i-'^ Pff) 


and 


( i ~ Pff'j fuv>y(-^) - ~ { i + Poj>’} F^co- (^) ( 3 . 46 ) 

These properties of symi/ietry, rewritten in mc.i.entum sprcc^ will 
mahe it “possible for os l-^ter, in the derivstion of tiie dispersion 
relations, to esc^.w' Int eprr't ioris over nsg'nlve vj^lnes o;f energy. 




f 
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Let us return once more^ in concluding, to a discussion of rela- 
tions ^3.15). As we have already pointed out, they express a very 
curious situation that arises in the theory: on the one hand,^ 

Cl 5 

(3.15*) expresses the radiation operator -y of 

the second order by the product of two currents, that is, by the 
radiation operators of the first order. On the other hand, however, 
such a reduction of the operators of the second order to those of 
the first order cannot be carried out in full: eciuations (3.13*) 
say nothing about the sigiiifioance of the radiation operator of 
t.r..ie .jeoond ordez '.•Jueri wiie points x arid y coincj-de ( niore precise- 


ly , ol cjourae, aDour rules ox i.utegration in the neighborhood of 


y might say that Uie radiation operator of the second 

r-t 

order r rr:. . p reduces to the radiation operators of the 


i-irst order, accurate to an arbitrary cjuasl^local operator (For 


a definition of quasi— local operators s^e “ ' ). 

’.hen passing on to the niomentum representation, this quasi-local 
operator Virill be expressed in the form of an arbitrary polynomial 
added to the fourier transform ( Compare the discussion in dec. 4 
following (4. 38) and in Sec. 6 iollov/ing (6.15) below), ihis re- 
sult is extremely close to that obtained by one of the authors 
( h • N . B . ) and 3 hir Ico v ( j 


in the cuixstruction of a theory of the 3 r:ia,trix on the basis of 
an expansion in terms of the small parameter coupling. The. essen- 
tial differences consist, however, in the fact that first of all 
tnese autnors, having at their disposal a. Lagrangian, could deter— 
uiine v/ith its aid the power of the arbitrary polynomial, and, se- 
condly, that the constants entering in the arbitrary polynoLxials 
at various powers were finally combined into one generalized 
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S©o • 3 • 




Lagrangian, In oiir method of constructing the theory, the power 

of the polynoQT.ia.l has to be introduced into the tiieory v’/ithout 
the use of the Lagrangian in general as a certain new 3 :* 0 quire:i.eni, 
the basis being, of course, correspondence with experiiient . 

The situation that arises for the radiation operator of the 
second order is not an exception, but a rule ^/alid also for all 
the radiation operators of the higher orders. Indeen, by a con- 
sistent application of tne causality condition (2«24) it L.ay be 
shown that any radiation operator of the (1 a n) th order redu- 
ces to the chronological product of currents : 

= 




T (op,)... O^Xe) Ofy)... 


• ii" 5 "+ <3 K 
- C 


3.47) 


hence, it will of course immediately follow that ary matrix ele^) 
mants of such an operator will for ail the various argumient s 
be expressed by the matrix elements of the currento 
of sums analogous to (3.30) * however, in the cac ; ol each coinci- 
dence of any points there anil oriSG arbitrariness' 

connected with the not entirely definite quality of the T-prodiict, 
which arbitrariness may be expressed by adding the product of the 
arbitrary quasi-local operator of the coincident points and the 
currents in the remainirig points. A, more detailed elaboration of 
these ideas would lead us beyond the liiuts of the derivation of 
dispersion relotions and, in our opinion, .higiit serve as a basis 9 
for a new approach to the construction of the quantum field theory. 
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Section 4» Yaciiu i n Expectation Values of Boson Radiatiun Operato rs 
the Second Order. 

In this section we shall investigate in more detail the vacauai 
expectation values of the radiation operators (3*8) considered in 
Sec. 3 and the operators connected with them. It is clear that in 
special case of tne vacaam expectation values all general relations 
between the matrix elements (these relations were derived in Sec. 3) 
will be valid. The vacaum expectation valnes of various radiation 
operators will be determined by Ecls. ( 3. 20-27 ) , on the righthand 
sides of which the factor t 2 . vanish, and 

the indices oL and UJ will simply be converted into 
and . For example, 

J 


,3? 


I 




-h 

■S I 0 


f 


-- i 7.^, 


Farther, dae to isotopic invariance, the dependence upon isotopic 
indices will now become diagonal and we shall write 




(4.1) 




fr ' ' ff' 

where (?) denotes one of the signs ; ( -h ) . 

Let as begin by considering the represent at ion (3.30)^^»i F 
asing the matrix elements of the currents. It will now be written 
as follows: 

0 


y' f), 4. 

ftViX 

We shall show that in the sum (4.2) the Simdmm terms are absent 


(4.2) 


Indeed, the term with n = 0 (vacuum) is converted into zero in 
virtue of (3.6). 


% 
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We shall assume that the states with one, two, three, etc. mesons 
are, in the sum (4.2), the lowest energy states (that is, we shall 


assume that 


do not exist any bound complexes of mevSons and 


nucleons with a mass less than » i.e. tnree meson masses.). Then 
the term in (4*2) with nieson)will also be converted to zero. 
Indeed, according to the definition of current | 


and therefore 


^ ^ . Further, J 


and therefore <1' j a 'y ^ | j] S J ^ > 

Opening up the commutator here, we - at last find that 


j a h' I -ffi I A > - < 


I U >. 


If we now assume that the states 1 d‘ > , 1 ^ > are -^^^stated* 


(.vecuLii^ (5«p lo 


or one“particle states ' I "> > then in virtue 


of the stability condition ^ o -4*{ 

and both terms of the coinmut atoi* mutually cancel. Thus, it is proven 

that the matrix elements of the type | 1-1 > and 


> 1 '^ > 


> are eaual to zero. Finally, virtue of the 


propCfV^ 


pseudoscalari% of mesons, the matrix elements of current between 


the vacuum rond the two-meson states will 4 ^^ be eq.ual to zero,, tc>0. 
Thus, the sum in (4.2) begins only with three-meson states. 


that is, the least value of ka 


is 3 . 


Let us now rewrite the sum (4.2) in the form of .a four-dimen- 


sional Fourier integral: 




Inft reducing now the Fourier transforms for all functions 


, <0. ^ 


with the aid of the definition 


U-'J- ^ 

we see that (in virtue of the proportionality of the left-hand side 
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(4.3) <5^^. , the right -hanci side mast be equal to zero at 

and mast produce the same results for any ) 

3 .-nji ' (4.S) 

Hov/ever, on the other hand, from the pseudo sc alar f it 


follows that the function \ , and, consequently, (^’ (k) 

must be invariant with respect to the Lorentz t ransf ormation s , 
excluding the time reflection. For this reason, may 

ia actualil^y depend only on and the sign of - i.e. upon , 

But from (4.b) it may be seen that it contains only positive 


frequencies. Therefore, it is clear that 


may wrire 


where the function I already dependvS only on K.“ . Comparing this 
expression with (4..b) we note that (4.b) may be rewritten as 

K ) = 2rd £ I 4^1 1 kk > j " i <f ( K"- Ki V ^ ^ ^ 

Thus, we represented , which in virtue of (4.6) should 

be expressed in the form of a product of the invariant function and 
J , in the form of a product of the function, 


which obviouslv,, does npt denend on the select!; 
direction. Thus, vve mav state that 


1x1 = Z ! h iypiUO i 


rk‘' 


The two basic properties of function follow immediately 


f rom ( 4 . 7 ): 


Uk^! n 


-or k: , PmJ" 


0 


We may note further that in virtue of (4.8,1), (4.6) may be 


rewritten as ^ 


h kiMl 1(4^1 mM I ( Vvid hvf ^ 
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This so-called ’spectral’ represent at ion for the infection which is 
so simply related (see below) to , was first obtained by 

hal.len and Lefiianift They also established the properties of (4.8) 


Thas, 




Sab st it at in g here 


Udy 

X 4 — p y , we obt ain 


(4.10) 


/ n 




m. 




(4.11) 


This justifies the signs ( -) and ( + ) introduced earlier; 
the hegat ive-f repuency function really contains only negative 

frequencies and the positive-frequency function; only positive 

Was bcin 

frequencies. It should be stressed that this 1a& shown only for 
vacuum matrix elements; generally speaxing, this property may not 
be fulfilled for matrix elements with respect to arbitrary states. 

Conve<'^na 

Recalling now the relations (3*33) and ]*acaaBaa^=Sa=a them to the%s* 
Fourier transforms with the aid of (4.4) and also inserting the 
expression (4.6) for Q ^ I ^ ) .the exorfRSsion for j 

fi '■ ' - ^ 


a 

4 Ki^-2iLl 9 m 


that follows from (11), we obtain 


lXV 


>12) 


we obtain? 

Jj 

(XchV f V 

1 j 


; Kh t 

^ 'l£/t V ^ 

(4.13) 


f . 

One very important consequence follows from these equations. Due to 
the property of (4.8.1) of the spectral f'unction 1 ( just 
established, we see that ^ small moment a i the 




Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 


Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 




Fourier transforms of all three functions 
coincide: 

when k ' 


a 

§ and 




. j 


:4.i4) 


ihis circams“c anoe will serve as a basis for establishing the 

, j and ^ 


analytic properties of the functions ^ 
which we shall now investigate. 

Let us consider in detail the Fourier transform 






-IX 


in which 


ich, m virtue of the causality condition ( 


I ', ^ 


) 


4- - i for . (4.1b) 

We shall show that this Fourier transform may be continued into the 
region of complex k by substituting 
K -H? 1 h-r i 1 ^ 

if the four-vector 


- Lm K 

j 

satisfies the condition 


> 0 

and p is arbitrary. We then have 


(4.16) 


i 


, W iiJK 

i 


-i'x 


’ -lx. I -i“i 

£ UX = ^frltj 

It_is clear that in this integral the exponent e~ 
be a cat off factor "eSsurinl'Tt r'conVefg^^^ Indeed, in virtue of " 
(4.16)^e will always be able to select a frame of reference in 
which F-U; therefore, the exponent will taiie the form of 

-rU'’ 

e 

But according to (4.15) integration is actually performed only over 
the internal part of the upp^r half of the light-cone, where 
> D and X £ . 


# 


f.. 


# 
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Thus, fanction 
class ^ which 


will belong to a certain 


i 


‘MVl 




X 










AHj - - 




^ A 


for any m-O , 1, 


> j 1 > 


On the other hand, according to the condition 2.1 
the fanctidn -f mast be integrable and therefore the integral 

i 

■" :'Ut ■ ■ . , . "O' / 

I LA/ RcaJ:/')< c ^ - (4.17) 

may be viewed as a linear fimctional in the space of functions h(x). 
For this reason, both the integral (4.1?) itself and its derivatives 


with* respect to k will converge: 


t 


X ; X 




.'tv 


lit 


Thus, § i<-) will be an analytic function of k in the region (4i.l6). 

Let as note farther, that the integral (4.17)) being a linear 
functional in G , mast ipso facto be limited in absolute 


Value by the linear combination of values h.,y,.^^ . Since the 

with respect to x are proportional to the 
zct . . 


derivatives of C 

powers of k, we see that the furmtion g^'^(k) increases at 
infinity not faster than a certain polynomial with respect to k 
(here we deal of course with the region k in which ineQ[ualit ies 
(4.16) are not relaxed. 

The Fourier transform g ( k) for the real k may now be 
defined as animproper limit if ihu integral (4.17) when 


(pvx, ft ^ . fVt i I j ^ : p ) 


(4.18) 


r> 2?, r -> j 

In quite the same way it is shown that the Fourier transform 

^ (xty , );cx / 

(4.19) 
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may be continaed into the oomplex plane with the condition that^ 


' ( 4 , 20 ) 

and after this define the integral (4.19)- as animproper limit 

fr .pi ) 

-OVViA. (l Lfl-ttI j - 5 ' 

' (4.21) 

' A, 

Thus, we have introdaced 1>^vo functions ^ ^''Vand 3.nd have 

proven their analytioity in the regions (4.16) and (4*20) respecti- 
vely. It is easy to see that the relation between the introduced 
functions follows from the parity relation (5*31) datiuced earlier 


7/ f , UA .. _ , ■ ’ : tii ' . : h' ^ J 


(4.22) 


, adl/ 

)( .4)^ -I 


there exists the relation 


w f- I i ) 


(4.23) 


For further argument let us fix the frame of reference so that 
n 

1 - 0. Since I is time-lihe, this is always possible and 

in no way does it restrict generality. 

\Lt ^ aw 

Let us first investigate the function g ; the function g 
can always be obtained from it with the aid of (4.28). From con- 

ait 

siderations of relativistic invariance f (x) can, in actuality, 
depend only on x^ and sign x^. But then from (4.22) it may be seen 
that the values of the integral (4.22) for any two values of k 


connected by the Lorentz transformation 


which does not in- 


jlude the tifii^ reflectioir, will simply coincide. But any two complex 
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- ^- 


vectors k, for which the Integral (4.22) is defined, are necessarily 

I f 

related by the transformation - , since only such transforma- 

tions retain the condition' >0. Consequently, the left-hand side 
of (4.22) is (for all k that satisfy the condition T i’-'j i ) 

a function only of . Thus 9 is a certain analytic 

Cr[ k’'} 


-function 


i \.pr. 


only of K ; 


(4. 23) 


definite only for sucii k 

Im < j" > 3 


'f' 


icit i t ; 


[ UA f > 


In order to find the region of analyticity of this function on the 

p 


coiuplex plane k' , let us note that 

f; y » P , 

city of f poll jin the upper half-plane 


virtue of the proved analyti- 

to I , 


the function (tLIC") will obviously be analytic at a certain point 
> - 2-r ; f 




(4- 24) 


since one nay find a least one vector ^ h) , 

that satusfies (4*24), the fourth coiiiplex c opponent of which would 
lie strictly in. the upper half-plane. But from the equations (4.24) 
connecting ^ t M seen innediately that this 

can always be done foi:* any points of the coaiplex ol ane p - 3 r « <; , 

with the . exce ot ion of, the real., posit iye .seni-.axi.s: 


? 


- 1. 


\\\ [ )<- 


el 1 


> , 

L.' 


(4.2b) 


Thus, the function G i.§ analytic in the complex plane 

2 

h everywhere with the exception of the positive semi-axis. But the 


Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 



Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 


- 


function G- (K | is a function of one scalar variable, and it does 
’not im ovv^ w'bFT'T e cTdr " raised t^o^" file s d^ond""poW^r"'gaV'e' t h ils 

argument. For this reason, the reservation made after (4.23) is now 
* r f 

no longer needed: 0 iX ) will be an analytic function for any complex 
2 

vectors k , the .sq.uare of which is not a real positive nomber. 
Finally, in virtue of the remark after eq.uation (4.17), at in- 
finity G- (k ) may increase not faster than the polynomial. 

Let us now define the two (nieybe generalized) functions 
and G_(p^ as improper limits: 


'jr^ ip"'] ~ llAoa, Jl '^ j 


■-H 'O , , - ^ j ( 4. 26.1) 


J 


( 4. 26. 2) 


If we now compare with the aid of .3q,s. (4.24) the limit transi- 

tion to the real axis in the function [ ^ and in , given 


the condition 


we shall see that 


4 


(4.27) 


The property of syimnetry (4.23) now gives us straightforward 


.P) - 1 

^ [ 


(4. .28) 


Thus, we obtained expressions for the generalized functions - -pjand 
i [pl in the form of improper limits of a certain single analy- 

P ' I . 1 . 

tic function ‘^7 ^ ^ J , l^eturning again to (4.24) we find that 
these limit relations may be written also in a more vSimple and 
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synunetric way: 


i -^0 

l>r. 


(4.29.1) 


P^-icr) 


How, noting that in virtne of (4*.J.3) 


(4.29.2) 


^ " I ,->o 

we see^ that the function may be written in the"^ form of 

aAimproper limit ^ 


a j 


ip'tiL/ 


(4.29.3) 


It may be noted that in Sq.s.(4.29) we permitted an indication of 
the vector p being time-liiie on the grounds that forf \0 the 

function G- (p ) is regular and, conseq.aently , the way of limit 
transition is simply indifferent. 

Finally, subtracting (4.13) from each other we find that for 
the difference of the limit values on the line of cut 


< 4. 30 ) 


From the property of (4.8.1) of the spectral function l(p^) establi- 
shed earlier, it may now be seen that not the whole actual positive 
semi-azis will represent the line of cut on the complex plane k“ 
for (x(ic^), but only a part of it 




(4.31) 
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^The properties of the analytic function that we have 

established and also its property according to which it inorases at 
infinity faster than a certain polynomial of $ , permits us (using 

the limit epuations (4»29) which we have just d.educed) to construct 
for functions ^ CiCj, ^^"^(kijand spectral representations 

of the same type as tnose obtained above for g For this pur- 

pose we shall maKe use Cauchy’s theorem that was discussed in detail 
in Sec.l. 

We shall assume that the function ^ y increases at infinity 
not faster than y , Then according to Sec^l Cauchy's theorem 

may be applied ( disregard /integral ion over the large circle) 

to the function n 


(4.32) 


which will have a pole when , in addition to a line of cut 

from^3/V\j -tQ iy? ^ Therefore, we shall select the integration 
contour in the following manmer; beginning from the origin of the 
coordinate system, it will proceed slightly above the real axis to 
-f , then it will include the large circle and return to the 


origin slightly below the- real axi r, pne to t 

£ ' r 

function osr al- 0¥e''r"'-’S=uc4:f “h'" c Ohio 


ruperoies oi me 


c OTi't our wiir reauc em o ‘"Lne"' 


difference of the integrals over the upper and lower side of the 


line of cut and the small contour Q 


•pfl, around the point )'V1 


which passes in a negative sense. Thus, we may write: 








■ b A S ■' 
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In place of the difference of the integrals over the upper and lower 

side of the line of cut, we wrote (in accordance with the definitions 

C / - 

in (4.26) ) the differenci' 

over gives 

i V V s . 


^ ^ . The integral 


•c J 

m / 


J- 


and therefore 


— ^ >. 




J •'!> 


K ~ ~ A' t j 


Ai-, L 


+ > 


(4.33) 


This equation may be jQonsidered as a spectral representation for 

V - i 

the function ' , in which we find the same spectral function 

I ( ^" ) . 

If we now perform the corresponding limit transitions, we 
shall obtain spectral represent at ions also for the functions 


^ y -py snd ;J which are of immediate interest to 




0 

as 


Lpi - 


hf; /; 


J " '' I I 


(4. 54) 


ut 



T . i 



J Tr 


PA'it 

/L 

h i ^ /VI . " 


m"; - 

f^o 



(4.35) 


Let us now establish certain properties of what are actually 


indefinite coefficients 


^ that enter into (4.33-33)- 

n * W 


Let us first of all show that the coefficient [T is equal -to zero. 
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i?or this purpose let us consider the matrix element of the S matrix 
between two one—meson states \p and ]p , According to 

(2.10) ,^it will be equal to 


< 


i i 




Y) r J L > 




If we put the creation amplitudes to the left, and the destruction 
amplitudes to the right with the aid of commutation relations (2*25) 
and (2.11) and made use of the definition of the function , 

we will obtain for this matrix element 


it 


S' ‘ uy 

But on the other hand, in virtue of the stability conditions of 
one-particle states 1.6 from Sec. 2, this matrix element is eG_ual 
only to the first term on the right-hand side (x) . Thus, 

. When y ^ .-lO 

once it follows that 


We shall now show that all the constants 


1 1 S 3, S 3 0 r b 1 G i 1 1 i 


L' U V c u. u-im iLeXj. -I. S 'j 


(4. 36) 

must 

) 4" e o 1 "P v> o no 


. '-U 


(4.3b"T' 


the conjugation relations 

there follows immediately 

: 

^4 c ' 

(4.37) 

ond the integral (4.33) has this property itself. Thus, the 5’oarier 
trsnsfora'iS of all three Green, like matrix el,eiuents (the delayed, ad- 
vanced and the causal) permit spectral representation of the type: 


4 


-'icJ 
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/ 




i 

- - 






n 

are real. 

With the aid of the relations fonnd in Sec .3 between the 
radiation operators iron the spectral re present at ions (4.33) ons 
msy obtain ir]]iit,ediat ely the spectral representations for the vaonniii 


L-J 


matrix elements of all the remaining radiation operators also. 

We may note that in the formation of linear combinations that 

r\ ^ 

correspond to all the ' non-G-reen-liiie ’ matrix elements ( 0 
ii ), the indefinite polynojfii als that enter into (4.38) 

vanish, and under the integral there arise , due to which 

the factors within and without the integrals cancel, and we 

then obtain represent at ions of exactly the same type as the repre- 
sentation (4.9) for g / found above. A represent at ion of the type 
( 4 . 38 ) with substitution of P- — ^ — for will be found for 


the Green-lime function . 

....Thus, we find that with respect to the spectral representations 
from vacuum matrj,x elements all the radiation operators of the 
second order are divided into two groups. Simple spectral repres.8n- 
tations ‘6f the type (4.9) are obtained for matrix elements of 
'non-Green-like' operators, whereas for 'Green-lixe' operators 
complex representations of the type (4.38) are obtained. These 


't 
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latter were obtained in a rattier carnbersome way, by investigating 
the analytic behaviour of the corresponding functions. 

We might make a different attempt, to pass directly from the 
sped’tral representation (4-9) for g^”'(k) and from a similar one 
for g''^^(k) to the spectral representations for * Green-like ’ func- 
tions with the aid, for exam-ple for g^ ( k) , of eciuations of the 
type (3.15). Direct calculation would then lead us to a spectral 

representation of the 'simple' type 

ri ^ r . ^ 

9 J (4.39) 

j" 

for g and to the saxae representations (differing only in the 

p 2 j 

method of circumventing the poJre- when m - k ) for the other 'Green- 
like' functions. This was the method used in the work of Lehmiann. 

However, in actuality these simple represent at ions would, 
generally speaking (if we did not impose the stringent restriction 
on the degree c?f increase of the spectral function at infinity), 
be devoid of any meaning insofar as the integral over diverges. 

Indeed, whereas for 'non-Green-like * functions the kernels of the 
spectral represent ations necessarily contain a o~ function, why 
does the integration in eq.uations of the type (4.9) actually take 
place only in the neighborhood of one point, and the behaviour of 
I (m^) at infinity is inessential to the convergence of the integral; 
in the spectral representations of the type (4.39) for 'Green 7 like' 
functions, integration on the contrary, is effectively extended 
over the entire interval ( ~ '^^-), which leads to divergence in 

the case of insuf ficTefitlly- rapid of 1 (m^) at ^ 

The reason for this difference in behaviour ia^ly^ 

already clear from the eq.uations (3.15* )• Indeed, these equations 
define the fonction of only for ^ or . Whereas 

its value at x = y remains indefinite. And in virtue of the well- 
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Jmown singularity of all F-functions on the light-oone, this value 
at an individual point is essential for the construction of ^’ourier 
transforms. In other words, for a full definition of a T-product it 
is not sufficient to define it only for x > y and y < y; we 
must also give the rules of its integration in the neighborhood of 
zero. Otherwise, the meaning of expressions of the type 
remains not entirely defined, which manifests itself in the origin 
of meaningless diverging expressions in the case of large moments. 

•The arbitrariness that arises during the integration , of a T- 
product near zero is most simply expressed by adding to its defini- 
tion in coordinate space a certain number of derivatives of 
with indefinite coefficients (See, for example, ), which will 

add to the right-hand side of (4. 39) a certain polynomial of 




I X > 


(4.39M 


, J 


It is precisely the coefficients (which may be divergent) of 'this 
polynomial that are to compensate for the divergences in the inte- 
gral. In practice this compensation is most simply performed by 
maxing use of the well known subtraction procedure. 

Indeed, we would then obtain 




■ - -1 . 

yi- i 


- - ' _ / 


and therefore 




I'im]' 








;■ kv< 


(4.40) 


V 




_,nv\g 
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If^we select n sufficiently large we might make the first integral 
on the right-hand side (4.40) convergent; end the divergent terms 
expanded in powers of the polynomial k~ -- might be compen- 

sated for by the polynomial cr' ( k) , of" which there would then re- 
main only the f in 4te polynomi al , and the same as in our ’complex’ 
spectral represent at ions of the type (4.38). 

Thus, also along this line we would finally arrive at the same 
relations (4.'3c3), the derivation of which, however, would be less 
convincing due to the necessity of having, to do 'along the way', 
with divergent expressions. It is precisely the possibility of 
escaping this difficulty entirely/ that we see the chief advantage 
of the method of argument we have chosen. 

We shall show how the well imown result of Lehmanrj-il^lLa'n) 
which refers to the spectral representation of the ordinary Gt-reen's 
f'unction is obtained from our spectral represent at ions for the 
Variational derivatives of the scattering matrix. 

Green’s function 0- (x,y) is usually defined as 

>> ' (4o4i) 

Using Wick’s theorem for transformation of the T-product on the 
right-hand side, we obtain 


if ( 


ly ■' 




(4. 42) 


where 


the usual chronological p.airirig for non-int eract ing operators and 

<^8,. h,, d- ' 


k, s 




o 
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Passing in (4.42) to the Poarier transf onris , we find 


ljU j 


K ; 


whence, on the basis of (4«38), 


''m ■ . i 


(4.43) 




’I - ^ ^ 


KTIK jz , it 0, N m - i - / 




Tls 


44) 


__The hocllen-Lehmann represent at ion will now be obtained if we 
make another additional assamption to the effect that ’degree of 
increase is eq.aa.1 to unity. T^hen actually 

. . . Jz !£ - 

^ ‘y ' ' ' :: (4.45) 




and the factor (1 + G^) may be excluded with the aid of finite 
r en 0 rmal i z at i on : 

(4.46) 


Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 



Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 


^ * 


Section 3# The Vacuum Expectation Values of Fermion Radiation 






Operators of the Second Order 

in Sec. 3 we found that of all the radiation operators not 
higher than the second order, only the operators of type (3*8) 
and (3*9) have vacuum expectation values different from zero ©The 
first one of them was considered in the preceding section; we 
shall now investigate the vacuum expectation values 




0 


(-t c 

d J 


+ I 








(5.1) 

In performing the differentiations with respect to the fer- 
mion fields, one must take into account their anti-comrnutativity. 
This will f^stly lead to the left and right derivatives differing 
as to sign if the even value in the fermion operators is differen- 
tiated, For the sake of definiteness 'we shall deal hfince forth 
only with the left-hand derivatives. Further, the anti-coimrutati- 
vity of the fields will lead to anti-commutativity of the derivati- 
ves in the case of multiple differentiation, for example, 






g'f', ■ (5.2) 

The equation for differentiation of the product will also’ change. 
If the left-hand derivatives are used, it will take the form 


T7~ ■ ^ ^ ^ t. ^ (5.3) 

where is the number of Fermi operators that enter into A 
multiplicatively . Finally, we may note that in performing the 
x/ 

^ The reader v/ho is interested only in the derivation of disper- 
sion relations may omit this section* 


i§ ^ 


Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 



I Sanitized Copy Approved for Releas e 2010/05/12 : CIA-RDP81-01043R000300060017-0 | 






m 


ITermitian conjugation our left-hand derivatives will pass over to 
the right-hand side, and in order to return€‘them to our standard 
order we will need an additional change of sign, if an expression 
that is even in the spinors is differentiated. 

As in the boson case, we shall establish the relation between 
(5.1) and the vacuum expectation value of the product of the cur- 
rents. It is therefore useful first to determine the rules of con- 
jugation for the two currents d and 0 (^) introduced above 
(/3*4/). In virtue of the unitarity of the transition matrix, 

the expression for ^ (x) may be written in two forms 

/ - ^ h - ' i 

^ ~ ' (5.4) 

Performing the Dirac conjugation we' find; ^ j 

In order to determine the meaning of 0 (x) let us consider the 

Performing now the Herrnitian conjugation, we find 


local variation 
0 - 


(s r "v-/ ( ^ 






^ * SJw !- 


But, on the other hand, , 


V. I 


f .T 




Therefore ^ ^ I ^ ^ f 

Thus, for the expression, Dirac-conjugated to (5.4) we ottain 


(5.5.) 
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(5.6) 


which justifies the designations 0(y) and Cl , xj introduced. 

/il-- "i 

If we now vary the expression ^ 

with respect to s 




s"- ^ 


^ ^ 0 + o'i'Oj) 

and using the definitions of the currents (5.4,6), we find that 


r ?- p 

(! J 


C+ - 

«n-a- = _ I 


n ) 0 ( xj 




(5.7) 


(5.8) 


S(f[y)6f/^) Sf(x) 

In the very same way we obtain 

rs _ 

From (5.7), (5.8) there Immediately follows 

Cl(x)o[)/)fn(y)0(y)^( ( ^ ^ ^ 5 . 9 ) 

- an analogy of the former commutation relation (3.16), where now, 
however, the commutator was naturally replaced by the anti-commu- 
tator. On the other hand, mahing use of the causality condition, 

?j 0 obtain 


6^S 


, V 0 ('<) 0 0 ) > ^ 

S'-J 

I Xxt 




(5.10) 


In cotr;plete analgy with the boson case, we determine vacxium — 
matrix elements 

, ^ . r, , (5.11) 

^0 
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0 ^ = ; P ) f 


( 5 . 21 ) 




Insert on page 64. where i^/'^^and are scalar functions* 

Substituting in (5*17) the expression for ^ obtained froir 

. X Q Q 

(5.20,21) in terms of we immediately obtain 

d (V 

the relations between the scalar functions and 

-- ) 

(c) / . . a <-■> 




Let us now consider the function & \x) . Using, as always, 
the completeness conditions and translation invar i an o*e we may 
write for it: 

(5.22) 


' ' „ j 


In virtue of (5.6), the vacuum term with n = 0 will be absent in 
the sum* In virtue of the arguments that are precisely the same 
as those used in the boson case (following Eq* /4.2/) the sum will 
not include terms that correspond to the intermediate states with 
one nucleon or an arbitrary number of mesond* Thus, the sum in 
(5.22) must begin with the term having n=2, but not a two-meson 
term. Thus, a rainiimm mass of the intermediate state will be ob- 
tained if the state has one nucleon and one meson, that is 


^ +^V,) 


(5.23) 


Writing the expansion (5.22) in the form of a four-dimensional 


Fourier integral and defining ’the transform tr ^ 

in our standart way, we see that 

_\ /' 7 I g" ! V 1 -x P / ' 




of the function 

5’"''’cX) : - Ird ^ /o j j I Oy o(V- 


It is clear that the Tourier transform 


(5.24) 
will have a 


matrix strucitaire that is quite analogous to the matrix 


structure of 

J"' c’li; = f 


(?; / , ^ x;. xr 


(0 


(5.25) 


where S', and are scalar functions, which are preci- 

n 

sely the Fourier transforms of the scalar functions 2 ^ and 

1 (>).' ' 

X x; . 
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Repeating the argement in Sec. 4 we shall easily see that the 
functions IT, and ^ are expressed in the form 

frj U) = ■ r,u , (5.26) 

where the spectral functions and that depend only 

on "S are determined by the condition 


= y(olO^ to) ) M r) ^nl\0^ lo) i 0> 


(5.27) 


In order to divide, In the rigiit-h^nd part, the terms that 
refer to f, and , let us multiply (5.27) by ; then 

evaluating the Spur and writing the Dirac conjugation using 

the Hermitian conjugation, we shall hahe 

K^jp{ic^) = j<^c> I J 

fljO^ ^ 

In this equality factor may be reduce<^'^nt''^! 

shall have 


then we 


(5.29) 




whence it may be seen that 

1. f, 

2. f, (g^}-D (from /5.23/) 


(5.30) 


In order to find the expression for PiL^^J , we take the 
Spur directly from (5.27); 

If s 2 ^ ^ ^ . 
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fX o \ 

In the representation of the Dirac matrix used W ^ - \^q j 9 


therefore 


fi ^ j/(9 1 Pj SU^-M. )- 


n;Vri,i 

Tyliip)c‘> VI 




t Lj i'' ' ' ' ■ > ' ( 5 . 31 ) 

h- ^ 

By adding and subtracting (5.28) and (5=31) we will arrive at two 
more inequalities 

If we now note that 

V- ^ = /'^ I 

we will then see that the condition, necessary and sufficient for 
carrying out the inequalities obtained (which inequalities must be 
found in any frame of reference) is 

\K. 1 p, (K*-; +• f2 iKl 5; c? 

Thus we see that the function Iq, satisfy the conditions: 

1. (5.32) 

2. fiCs^P-O (froiii/5.23/) 

Thus, we arrived at the spectral representation for the func- 
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# 




h 


tions (T, ' ^ and ^ 

5-, iic)= -Ui j 


6 


(5.35) 

which is entirely analogous to the spectral representation (4.9) 
for the function • 

In order to pass on from here to the construction of spectral 
representations for other functions I* ’ C)^) ,we shall first have to 
establish several more relations between the functions of various 
upper indices, which follow from invariance ^vith respect to charge 
conjugation. < The condition of such invariance may be written in 
the form 

<d) I I >= < I (^) j o > ^ 

where the charge— con jugat ’ operators ^ are connected 

with ^ 'by well-hnown relations 


a '(xj = C n U) - 0 




(5.35) 


and the following conditions are fulfilled for the matrix C: 




C - - c ' 


- -r 


(5.36) 


Applying conditioxi” (5'«54) ‘to the product on the left-hand 
side of (5«13) and utilizing (5*35) and (5*36), we shall (after 
rather simple matrix transformations ) arrive at the relation; 

. / / .-I 


' T 


0 c / (5.37) 

that establishes the connection between negative- and positive - 
frequency functions. The obvious linear relations between diffe- 
rent-type functions will make it possible for us to deduce imme- 
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diately from (5.37) another series of relations, from among which 
we shall write only the following; ^ 

[_c-' 


(5.38) 


which we shall need further on. 

If with the aid of (5.20,21) we write & (^,1) using 
and utilize (5.36) in’ order to get rid of the matrix G and then 
divide the parts containing and not containing the matrices ^ 
(which may he done by evaluating the respective JfuZ&i ) , we will 
obtain from (5.37) and (5.38) the corresponding "parity relation^ 

9 

for the scalar functions ‘^r,i : ^ 

Performing here the Fourier transformation, we have: 

r- 5-,.,';^ t-K; ; (5.39) 


. (5.40) 

The relation (5-59) makes it possible for us to write imme- 
diately the spectral representations for the functions • 

= lit: F.'zUO -- 


oO 




(5.41) 


By substituting this spectral representation as ’well as 
(5«26) in the relations obtained from (5«17') in the transition 

to the Fournier ‘transformsV we obtain: 

-27.' f ; 

LX.), i 

Thus, as an individual case we find that (as in the boson case) 
at small momenta the Fourier transforms of all three 

'Green-like' functions coincide: 

5 - if (5.43) 
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Since we have established the spectral representations (5*26), 
(5.41), the properties of the spectral functions (5 *30.2) and 
(5.32.2), equations (5.42) and the relations ( 5 . 40 ), further argu- 
ment may be conducted ba repeating word for word the conclusl^bn 
of the preceding section. For this reason, let us copy out at once 


the ‘complex* spectral representations for the Green-like functions 

> 


(y " 
) ^ 


5-,,. 


and '^,’1 


:;X3 






} 


f,.2. 


J , 




10 

4-) az 


and 


^■\e) . L,'-h') 


I'.i 




7 , 


6-0 


vO 


\ 


(5.44) 


7 ' ip^-^ j 

/ ^ 


uJ 


J 7« (5-45) 

In practrce, it is more convenient to have the spectral repre- 
sentations written in a slightly different form; in place of 
let us introduce two functions that are non-negative in virtue of 
(5.30,32); 


/.) . 




I 


.1 

j .-)- 


(5.46) 


where V- , Then 

C'i3')F, ^ '^1 *- 7 

(here V is considered a variable independent of k ) and if 
we construct combinations 

/.4^) f 

which are, as it is easy to see, Fourier transforms of ^ (X) 


(the index (?| denotes (C), (^dv) or (ret) ), then for the full 
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Green-like function 2, we will obtain the spectral represen- 


tation 


, KZ J J- ^ ^ r 


> (,i)= -(k'-AV " 


(^y K - / 


'(5.47) 


(i x ", x '”) * (i a '/ 7 (‘■-‘<•■1 




If we wish to establish the spectral representations for the ooncaw 
rete functions 2. > ^ , we need only to se— 

L il ^ 

+Vi/-» -wilci -v* onimron +. T n tr +;h<=> 'nnlp i: /W 


lect the proper rule for circumventing the pole • 

In order to reduce the representation (5*47) to a still more 


visually clear form, we may note that the differences 

iv^.h}-) I I 




v-Mj 






A .„ _ , 

are, with respect to k , p olynomials of the power 2n + ly# 


Indeed, by reducing both terms of such a difference to a common 


denominator and breaking off the linear factor from the difference 


of (n + l)-ths powers that at this point is formed in the numera- 
tor, we find that it necessarily contains the factory ( or, respec- 


tively, ) ), which will cancell with the same-type multip- 


lier of the denominator, only depending on k. Therefore, if we 
form such differences under the integrals in (5*47), then the 


the respective powers of k in each term of the polynomial may be 
simply carried out of the integral, and iY integration with 


integration with 


respect to v' will lead to a certain number, that is, integra- 


tion of such a difference will simply lead to a polynomial of po- 


N A 

•(^2n + Ij with respect to k. 
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This enables us to transform (5.47) to: 

, ^ f J ^ Ij.±^ Ij * 


> /^;= - a-^) \ i :pT- ^ j 

^ J ^ (5.48) 

i- to i- 8. Oc-A) f 

where the following new spectral functions were introduced 


^ ^ and l 2 C‘^J= ;r ^ (5.49) 




V-M ) 


As in the boson case, it may be proved that 

f =L O 

'->0 

for this purpose it is sufficient to consider the matrix element 
of S between two one-nucleQp states just as in Sec. 4 we conside- 
red the matrix element of 3 between two one-meson statesl Finally, 


the relation (5,18) leads to the conclusion that 
all 2 are real* 


(5.50) 


The representation of Kallen-Lehmann for the fermion Green's 
function might be obtained again with the aid of considerations 
that are entirely analogous to those used in the preceding sec- 
tion, with the additional assumption that the degree of increa- 
sing n afcO. Here we again come face to face with the interesting 
fact that in our system of conditions (Section 2) we have to give 
the "degree of increasing" of the spectral function instead of the 


Oci^ j-'ca'lig X 


Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 



Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 I 


S e c ti o n 6 . T he__ Qona-tract ion of Di sp ersion -A el pti on ^ 


This section is devoted, to. the derivation of concrete disper- 
sion relations for a definite process; the scattering of mesons 
on nacleons, For the "‘Same of-- simplifying the argament we shall 
first obtain them with t.h.e aid of a simple xaethod, which in essence 
is entirely analogoas to that used by a number of authors ( 

). Hotwit.hst anding its simplicity (or 
rather due to it) this met.hod has certain defects; at several points 
one is forced to carry out mathematic ally incorrect operations. 

These places will be made special note of below, and in Section 7 
we shall give the rigorous derivation of dispersion relations, which 
should be free from such incorrect moments. It should be emphasized 
that in deriving the dispersion relations we shcoll not refer at any 
point to conventional theory, but will proceed only from our basic 
principles formulated in Sec. 2. 

Thus, we shall consider the problem of the scattering of 
mesons described by the real field operators 

( p is the isotopic index; naturally, charge symmietric theory is 
considered) on nucleons described by the spinor field ^ • 

We shall assume that before scattering, the nucleon is in a certain 

'•’d'ejrifri't'e s-t''at-e ctearacteri-^ed^'-hy-'-moiacnt-um- ^ p - --and- sp^in -an-h— — - 

isotopic q.uantum numbers, which as a whole are designated by ^ ; 


the values of the same magnitudes after collision v/ill be denoted by 
a prime; ^ Similarly, the momentum and isotopic 

index of the ^\ - meson before the collision will be desigfiated by 
C| and p , and after the collision, by and 

It will be convenient to select from among all the q.uantuni 
numbers the momentum q ( (j' ) of the meson, designating the 

totality of the remaining numbers for the initial (final) states by 
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' ^ 

one letter 

(p,S.p) (p\s',S>') ) 

We will assaiae that ^ ^ ^ 

Then the transition matrix element will be written as follows", 
using normalization oonventional for the scattering theory: 

(57ij5<ps’,9yi slp6,cfp>- 

‘ ( 6 . 1 ) 

/p^ , - - - 

where we maKe use of (2*10). With the ai(3 of assumption 2*5 from 
Sec. 2, and performing the transformation of the type (2. 20-22), we 



shall reduce this matrix element to trie form: 

s , u,, s*j p. > 


P 




between which 


liow let us return to the considerat ion of the functions 
rPSix) (x) introduced in Sec. 3; now, hov/ever, we 

shall assume that the states lps> and lp's'> , between which 
the matrix elements are tameri, are precisely the initial and final 
states of the nucleon. Let us introduce (in the very same way as in 
Sec. 4 (Eq../4.4/ ) the Fourier transforms of these functions: 




(S>P' 


€ (k) 


Now substituting in (6.2) the expression (3.20) for the matrix 


element of the causality radiation operator and pressing, in it with 
the aid of (6.3), to the Fourier transform, we obtain for SP,9> 
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%- 








(6.4) 


For farther argument it will be convenient to introduce an 
auxiliary function, the ’’retarded” matrix element 


~ i 'ii ^ ) 

n (o() ^ ^ p's' I j^P ' 

It nj.ay beVoted now that in virtue of ,,( '3.33...2).„ . 


FS^ixicU 




( 6 . 6 ) 


Substituting in (6.6) the expression (3*'3o) for and 

carrying out the integration, we obtain for the difference (6.6) 




-V ■♦/ ^ • 7 ) 

p^p 


Therefore, if we form a dif f 'ci rerice S'” '^V > where the 

S'-- function also appears - S( ^^.4 p -q'- p\) , which expresses 

the conservation of the f our- moment um, then the argument of the 
function that enters in (6.7) will be equal to 


fcwp’-iW * r'-i^ 


which, if we take account of expressions 
terms of momenta, will equal 


I ^ and 
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We will now assume that the system of a nucleon and meson does gtot 
have bound states with a mass less than the mass of the nucleon. 

Then the latter expression is essentially positive and, consequently , 
the argument of the — function in (6.7) can nowhere be 

oonrverted into zero. 

Thus we descovered that if the matrix elements 3 and ^ 
are taken for real particles, in the case of which the determination 
of the momentum fixes the positive sign of energy, and the con- 

servatidn bf f our-momehthm 'is” f ulx’iTled', then 

-CC.4 

[ K/ 

( 6 . 9 ) 

that is, the matrix element S ( ^ I be replaced by the 

matrix element 

Let us consider in more detail the function 
First of all, dividing it into ’Hermit ian and anti-Hermit ian parts 










( 6 . 10 ) 


and comparing it with (.3.42) we see that 


( 6 . 11 ) 


Therefore, performing Fourier transformation in the relax ionti * of 
symmetry (3.4'3“46) for the functions F(x) and Ffx) , we 
obtain at once the symmetry relations for the Hermit ian and 
anti-Hermit ian parts of the function (K) 

( u P, a ; 6 . 12 . 1 , 
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’H - 


& 


a + p„. 1 ) - - ( 1 *• p,f) 4*'/ 




(6.12.3) 


(6.12.4) 


Let as now determine how 5!)u^ may be foand 

using only the function , the only one 

for v/hich we have an explicit expression (3.30). Por the anti-Hermi- 
tian part, the relation (3* 34a) gives us at once 

i ^ X 

‘ . .. f K. 

(6.13) 

• .Ppmparing now the equations (3-33) and (3.34) we see that due to the 
causality condition in the form (3.13-14) when X' •> G 

and !?(;<) = - 1 PIX) when x<r o , 

These relations may be combined as 


t C l 




(6.14) 


whence we at once obtain 




We may point out here that at this point we meet with the first 
inaccuracy of the usual derivation. Indeed, from ( 3. 33-34) we are 
able to get only the relation of functions ^ and ^ 

X>C^X4 0 > at X :^Q But the 

function is strongly singular at zero, therefore its 






m 


:opy Appro\ 


Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 


Sanitized Copy Approved for Release 201 0/05/12 : CIA-RDP81-0ip43R000300060017-0 


-sa- 

malt iplic at ioLi b^/ the di scont inaoas fiiiction GCtC) is not 
permissible antil the rales for intepratinp: sach an expression near 
zero are wormed oat in fall. The absence of each rales mav lead 
to d i'V e r g e n c e 3 . Here, 'n e ag a.in h av e t he s aiii e s i t o a t i o n as i n the 
notation of (d.l5) in the form of a T-orodact. Let as recall that 
in condactinr the anal;ysis of vaciiam matrix elements in Sec. 4. we 
discovered that such a sitaaticn arises '^ach time we vvant to pass 
from "non-'G-reen-^liKe” fanctio.nsto ^’Green-lime ” fanctions, and that 
in this case there actually does arise a certain arbitrariness, 
which may be expressed by adding to the Hoarier transform an 
arbitrary polyriomi al. Therefore, in place of (6.1b) it would be 
more accurate to write: 


( ¥l ]€' “ tVf'l ,, , 


Jl / It may be noted that 


behavior of 


decreasing sufficiently rapidly when ^ ^ 


with an arbitrary polynoniialy 
the origin of this polynomial is essentially connected with the 

J at l arge f 

,n ^ 

g>o , then the 
Hoarier transf ormat ion inverse of (6.13)? 'would define the suffi- 
ciently regular function , t he mul t i Q 1 i G at i on 

of which by would not be connected with any arbitrari- 
ness. In the case, however, of the increasing of at 

infinity, the function (^) becomes singular at zero and its 

mult iplicat ion by €U) is devoid of any direct meaning. He 
have to give meaning to such a product with the aid of a certain 
regularization procedure; and here it is that the polynomial 

arises. It is clear that the power of this polynomial 


\ 


-4 
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■fi- 




is determined by the order of increasing of 
when tends to 

For further construct i oh, we must go into the details of our 
System of coordinates. The usual cent er-of -mass coordinate system 
proves inconvenient in this case, because it leads to addition 
singularities in the energy dependence. For“'this reason y/e will 
make use of the now generally accepted system, in which the sum 
of the momenta of the nuclein, prior to and after scattering, is 
equal to zero, 


|D 4-^' =0 


'. 6 . 16 ) 


'This system reduces into the laboratory system when considering 
forward scattering. (Below we shall deal^^not with the function of 
arbitrary combinations of nucleon and meson momenta, but aonly with 
the functions of momenta that satisfy the conservation laws, in 
accordance with the function in the definitions of 5K<i,^,tlknd 

H (d ,(f \ 'l ■ 

In the selected system there will be and, 

2L "^1 ^ 

in virtue of the energy conservation also ^ ^ ^ i 

From the momentum, conservation we obtain then 

and (q+q’)p-0 > (6.17) 


r % 


Therefore we may put 




( 6 . 18 ) 


where £ is the Ott normal to p in- ejt t g = 1; £ p = 0. 

I— 1^ mt 

With a given p , t.he ort ^ may be consi- 

dered as fixed. For the second variable we may choose the scalar \ 
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Then 


—if * ^ 

= p 


(J =r -p +X€ i = p 


(6.19) 


In place of 


we may also ase the variable 




( 6 . 20 ) 


which is the energy of the meson simply. 

In the frame of reference select ed^ the expressions (6. 13? lb) 
for Aaii^ and 2)- O will now have the form: 




i(E,f»_X?xi 




( 6 . 21 ) 


and 


n -M 1 f ^ntx®-Xex| - 


( 6 . 22 ) 


where we denoted 


g(x)= Ppf' PaiV-x; 


(6.25) 


The introduced f'xnction 




is, .strictly speaking, a function 


not only of 


, bnt also of the nucleon momenta 


and . However, since in oar coordinate system 


P 


fi 


€1 


expressed only by p , we may (by fixing p ) consi' 

der as a fanction only of X . The expression 

that enters in the exponents in (6. 2.0, 21)- and that is considered as 
a fanction of , will, in virtae of (6,20) have 

branching points/ In order to exclude them, let as introduce the 


0^ 
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operetione of syuimetrization with respect to 6 snd aritisynimetri- 
zation with respect to ^ witii a division byj^and let us put for 

any: |(X,€): ' 


and 




(6,24) 


(6.2b) 


Combining now the expressions (6.21) and (6.22), we obtain an 

r -ce^ 

(6-26) 

applying to which operations and obtain two 


new integral representations 
.a 


Ta^ XeK)B(xi^(x}oly 


(6.27) 


and 


aC/7^*l f j e'^^' sfK") 


(6. 28) 


These integral represent ations will serve as the basis for 
deriving the dispersion relations. For this purpose, let us 
consider two identities; 


€ a. i . A P j 


and 






V?”' § _ i_pj 

VvAyi ■ iF _1 

the validity of which, when the conditions 

i >i'^)>o 


du> 


(6.29) 


( 6 . 30 ) 


(6.31) 





n 


L 
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are fulfilled is ohecKed obviously by calculating the integrals on 

© e> 

the right-hand side with the aid of the. .residue theory. Indeed, it 


is not difficult to convince oneself that in performing (6.31) it 
is always possible to select a radiuis ot the large locK-iiig seniicir*” 


cle so large that the negative term ih'hthe exponent (which tei 


originates from C ) would be greater than a possible positive 


term arising from the sine or cosine. 


On the right-hand side of (6.27) let us nov/ substitute in 
place of the expression ^ C^{X€x) ^^^ integral representa- 


tion (6.29): 


Ts (.E.c) - 


pjif 




E’-a 


(6.32) 


To what extent is this substitution justified? The i.ntegral repre- 


, se^itation (6.29) is valid when fulfilling the condition (6. 31), 'that 


(since the .modulus' _ is eoiual to unity) in the assumption 


i°>Et}>0 . r 0 int s w 1 1 h ■ nog at i v e.. . . . X i Q t t a k e o a .rt 
In the integration in (6.27) due to tlie futictior? 0(Xy ..ider ti 


i nt e g r p 1 . 'A g a i n t he r e will b e n o p o in t, s. vj it ii lx i>x%o, since in 


Virtue of the causality con lit i'on V 5. 13', 14) trie fLmction 4^ ^x/ 


rted inti. 


3. Thus, the o.rily ’’dange- 


rous” points (in the sense of the use of the integral representation 
/6.29/ being justified) in the .integral over ^ X in (6.32) 


...are the points of the light cone with K° =(xj>0 . Por the integral 
in (6.32) (iVself)^ver such points do present a difficulty, 

since at tnis integral over the real axis will be divergent, 


ill d , c on s e ■p.u 0 n 1 1 y , 


vvil.l be doubts 


.0 the validity of usij 
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t he int egr al r epro sent at i on (6.29). lYe lU^y , ho'.vev e r , iiiiap.ine t hat 


a subtraction prooedure of the type explained in Sec.l (Below w® 


shall actually t^liis subtraction procedure) has been applied 

to the internal integral in (6.32). Then, even a rise in the cower 

I 

of fin the dehoiiiin at or by unity will be sufficient in order to 
iiiaxe the integral over b convergent, but then, by continuity, 
its value at will coincide . with the lirait at of the 


saiiie integral Q.3lculated in the assumption Ixl^^bv closing the 


contour -of integration .in the upper half-plane. By adding (through 


the use of the subtraction procedare) a larger number of pov/ers 


in the denominator, any derivatives of this intearal 


expression 


■ continuouSs. Thus, -the substitution in (6.27) of the 
t- • I o / ] 3 y integral represent at ion 


( 6 . 29 ) is Valid 


any rate, if we have in view the .fur- 


ther application of subtraction procedure'). 


.Let us now change in (6.32) the order of integration over X 






( 6 . 3 . 5 ) 


This change in the order of integration is, strict spe axing, un- 


1 awf ul In de e.d. wh.6_r e a s p.rn o r t.o t hi-s proc e daxe , in ( 6.^ ■ 3.-2^V b c 1 1 


the internal integral over t and the exoernal integral 


over X ® w@;re convergent, now for _ lying in the 


unobserved 


region, ]P* , the internal integral over X 


space becomes 


divergent, since for such E the radicand 


in the argument of the cosine becomes less than zero, and. the 


trigonometric functions become hyperbolic, increasing exponent i ally 
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nt infinity. #jiis is an. organic defect of the applied derivation of 
dispersion relations ( 

). In the next section a method of derivation will 
be elaborated which will eliminate this ’'difficulty of changing the 
order of int8g.r a t i on . ” 

EqLuation (6.3i) actual iy alre.^^dy contains the sought for 

dispersion relation; noting that in virtue of (6,27) the internal 

xci 

ititegiai in’ it is eq,aRi s't obtain 


,n i 


J 




( 6 . 34 ^ 


^here are those polynoiiiials which a.^pear when substituting 

(6.1b*) for (6, lb). Vq sha.ll not explicitly write out these poly- 
iiominals in the three following evLuatlons so as to return to them 
again in connection with the subtractioa procedure, .lov^ to. Ming the 
real part of (6.34) we at once fiad the dispersion relation 


tg .'j,py,npp£;wr' 


(6.35) 


Using absolutely identical arguments, the.re follows from the 
expression (6723)'wTtfi the lid bi the 

the second dispersion relation for the combination antisymmet rio in 


Oo 


F' 


( 6 . 36 ) 


We shall point out that in virtue of the rouiori. followxng the eq.ua- 
tion (6.32), the integrela, in (6.34-6-36) maj diverge, end in the 



Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 


Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 




I 


- iS - 

© 

at infinity. This is an organic defect of the applied derivation of 
dispersion relations ( 

). In the next section a method of derivation will 
be .elaborated which will eliniinate this ’’difficulty of changing the 
order of in t e g r at i on . ” 

Sq,aation (6.35) actaaliy already contains the sought for 
dispersion relation; noting that in virtue of (6.27) the internal 
integral in it is eciual to Vi* , we at once obtain 




/'--iTp] 


E'-e 


ciB’-t- 


P" 


(E) 


(6.3 


A 'I 


where r*^^(E)are those polynomials which appear when substituting 
(6.13*) for (6.13)* shall not exolicitly write out these poly- 
nominals in the three following e./^uations so as to return to them 
.again in connection with the subtraction procedure. Now taming the 
real part of (6.34) we at once find the dispersion relation 


05* 

r? E ) = i p j Je • 


(6.33) 


Using absolutely identical arguments, 
r O'S'G i on- ■'(■'6'.' ■p-o' )" ” wmt li •■t'he ■■-■an'd ^ o f ’^•‘t he 
the second dispersion relation for the 


there follows from the 
in 1 9-g r a 1 r ep e n t at d o n > (.•6fi«=-3 0 

combination ant isynmiet ric in 


at (ei - f pf JE' 

^ ” JL fc E (6.36) 

vYe shall point out that in virtue of the remark following the equa- 
tion (6.32), the integrals in (6.34-6.36) may diverge, and in the 
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G8.se of boing calculated v/xth. tiie aid of any liinit process 

there will arise on the right-hand side a certain additional i^oly- 
noiiiiai with respect to !£ . Below, applying explicitly 

the subtraction procediire, wg s.dbIL arrive at dispersion relations 
vvihich aire??r]y do not re Claire each 9 proviso. 

Meanwhile, however, oe May note that the relations ( 6 . 3^-36) 
possess also the drawbacK that integration in theiii is extended 
also to negative energieSo To get rid of this drawback, let ns iiiake 
livse of the properties, established above, of the syiuiietry ( 6 . 12 ) • 

with respect to a sab st it at ion of the argument E by - B . We 
then obtain; ^ 

Te d - P/f'} ” jf p j fid - Pf f.; F ft'", e) ^ r- • 



Oti t - |-pj c/ e’ 

Now let as retiirn to the q.aestion of iiaproving tiie convergence of 
the integyrais* /e shall asKiaike that the power n of the polynoiiiial 
in ( 6 . 34 ) is egaal to unity, Teis- is a cert-in additional assaLip- 
tior?.; in I:‘ec.4 and b we already not such a sitaation, when we had 
to postul.ate (since we do not rwfer to anp concrete for/u of 
Lagrangian) th.e order of increasing of the latrix eieneats ct 
infinity, de exciade it by using the sabtraotion procedure 

developed in Sec.l (/1. 11/ -/ 1. 13/ ) , which in our case ’will lest to^'^ 


X ) 

If we assuiie that the integrals in (6.33) converge, then the as- 
EUiiiption n 1 is obligatory; a higher power polynomial would not 
be excluded through the use of the subtraction procedure and would 
lead to an order of increasing of with energy greater than 

linear, which would contradict experiment. 
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case of their being c alcalat ed with the aid of any limit process 
there will arise on the right-hand side a certain additional poly- 
nomial with respect to ^ . Below, applying explicitly 

the subtraction pro'bedare, we shall arrive at dispersion relations 
which already do not repaire such a proviso. 

Meanwhile, ho77ever, we may note that the relations (6.35-36) 
possess also the drawback that integration in them is extended 
also to negative energies. To get rid of this drawback, let 'is make 
use of the properties, established above, of the syiimietry (6.12) 
with respect to a sabstitation of the argament E" by — ^ . Y(e 

then obtain: 



I^ow let as retarn to the q^aestion of improving the convergence of 
the integrals. We shall assame that the power n of the polynomial 
in ( 6 . 34 ) is eqaal to anity. This is a certain additional assamp- 
tion; in Sec. 4 and 5 we already met such a sitiation, when we had 
to postulate (since we do not refer to any concrete form of 
Lagrangian) the order of increasing of the matrix elements at 
infinity. We may exolade it by using the sabtraction procedare 
developed in Sec.l (/l. 11/-/1. 15/) , which in oar case will leat to^^ 

x) 

' If we assame that the integrals in (6.38) converge, then the as- 
samption n = 1 is obligatory: a higher power polynomial woald not 
be excladed through the use of the subtraction procedure and would 
lead to an order of increasing of with energy greater than 

linear, which would contradict experiiaent. 

© 


= 2nin/nfi/i9 ■ r.iA-RnP8i-nin4:^Rnnn?5nnnfinni7-n 
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- f- (e^-e:) P j (iT^i^T^j (I + /Vj/I- ( ' 


IE)- T? (i - P^J.,) - a 


CXH - i OC^(i^Prf')2)u^(E.h 


^ ^B(e^-Eo^} i: p [ clE‘ 


(6.38) 


Ot^(^-Pry')2)u^lt}-Qk(irPfP)^u^(^^ 

- ^ ( E^- Ep ) ;^ P j 

T ' -i fcU c>)/Fif- pj) ^ 


i (E^^~E’)(E'^~Eo^) 

where Eo is' any arbitrary energy in the observed region, 

' -> T. 


that is ^ 

The integrals ifl. (6.3?) do not any more oontairi integrations 
over negative energies, ba.t, they as yet do not .excldde int esgration 
over t’rie .• unobserved region E ^ /vvi^Tp^ ' ’ 

atid conse^iuently , the iiiOiiienta are coiigeiej^. Our yrobieiii now will be 
t o •exc lude ' 'fc Hi s' o ant o'l ’ t h j' "int u g r al . 

Let us return to the expression (6.13) for 
Substituting in it the suns (3*30) for P'-'M an d c a r r y in g o i i t 
the int egr’at ion , we obtain: 


fidvS (E ,€)- 7 * 2 ^(E” ^ f^s' I jyHO) IX€ 




6 . 3 4 ) 
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iS* 


# 


" 3^ " ® 

For farther oonoid9r0l:ion it io convenient to isolate the teri^i with 


n = i, for which, t.he ^inantnai niiiiiber a ie simply a spin-isot opic 
index S . The suLiii. of 

shall denote by . Then 


all the rernaininy terms we 


^ I keyx f(o) j ps> S(e - 


- yZ p'ii If I -X€,s"><-Ae A"! j f> s > ^> ( E 

. Let as novY recall that •i^coordinp to our assaiuption (6,8) the 
'system nacleon+meson ^los no boand statim' .vitii a mass les"- tnen 

+- YW axi d , in a (3. ci i 1 1, o ri , v/ e s .s ' l 1 1 c o n. s :i. cl e r t h ai 

we are in a region of' .not too great no;,ienta of the scatterer, so 
that'^ .. , 


p 


- "‘/z 


(.sM) 


It is e^sy to sec that in the anobs-.-rved region , the argai..ent the 
first S' ~ f nnc t i on > in v i rt a e of (6.39), is 
and,’ therefore, the first sum in 
'cam, tne condition of the egaali 
leads to the 'relation 


(6.39) , 

is essentially positive 

• H>0 dJj- 1 

sappears. In’ the second 

of t.!ie 

^ ^ f anc t i 0 n to z e r o 


F - = p 


. l&M) 

Let as now pass on to the earns entering in Bj (bA In this case, 
the ^ f„iaction in tne first and second sian for each will 

lead to 

Hi 


a - Em = - 


2 
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d) 


,But in virtue of (6.8) the namerator iu/t€ is greater than or 


e cj_a 0 1 1 0 

Therefore in the first snin, for each yi 

E . E. . ^ 

^ J kil ,r7 ■ J 1 ^ / 




the latter in virtue of the siip posit ion (6.36). However, in the 


second sani, for each 




f rf - _ H" ~.0 ~ h ' _ H^- p^ / ~ E 

and, consequently, the root of the 'a- function vVili be outside the 


o 


region of integration and the sam itself will be converted to zero. 
Thas, the investigation of the region of anobserved energies 


shows that it is divided into two sabrep;ions 




IbiVp >E> 


H»m, ~p 


>2 


h.4a) 


in the second. of which 


whereas in the first; 


Hu^ (E,i) = (E, e ) 


= ljy(o)|-Xe,s"><-Xe,s''d'pt5)lpi>^fE+ 

the function into S(E-EP we find that in the 

n O 0 P C! ! T n T' G O' q O Vl _ 

h(E -Ep) X 


Transforming 

-p -i -r* p + 


llj^(E,e)=-Tr r/ 


\/MnF 

1 </’'i'lj'/<>)l-xr,s"><;-^s',s“/jj.(o)i 


(6.43) 


Por a farther simplif ic at ion of txhis expression, we shall 
consider the matrix element of the current between two one-nucleon 
st at e s 


g/)V|jyo;|^os> 
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#) ® (§) 

In virtue of the translation invariance (See /3. 28/ and below) and 

e ® 

the definition of the current (3.4) we may write 

(p P ^ ^ 1 I 

Passing now from variation with respfect to to variation 

with respect to V)> (the Fourier transform for arbitrary ^ 
connected with by . by the usual relation 


we arrive at the eq.uation 


L<:p‘'s" +p -/^y 


(6.42) 


At this point we shall have to Dare up ( t einporarily until the next 
sent ion) with still one more defect of the usual deriv atfoni The 
fact of the matter* is that the Slfunction /n (6.44) arises, as usual, 
from the integral ] € iCp {- 1 X J x ’ which 

naturally has -S'- lime properties- only for real components , 

.11 

9 meaiiing for complex components. And in the unob- 

served region un(^.er consideration we- have to use this 5- function 

(Cf. below /6.48/) for imaginary spatial components of the vectors 

ff 

tf and,.. yO . The matrix element to the left may be trans- 
formed with the aid of 2.3 from Sec. 2. The consecutive replacement 


P 


u ± p'ttTmux a i/ioii s ’ viiB up er am^ors 

. 


f*/ 

'’t’S 


. , . 

[fxj ■ ■ anu 




variational diff erentiation (with account 


tamen of the anticommutativity of the variational derivatives with 
respect to spinor fields, and the right and left variational deri- 
vatives) gives us 
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whence, using (2.26) and the definitions (2.33), (2.54) of the 
Poarier transforms and , we obtain: 

^s> -c 

' I I 


"d^S 


A A 




-io>u:'(p} 


(6. 43j 


Po- 

po" = 


Let ns consider the aiatrix elefuent of tbe third variational 
derivative that enters here. It is easy to’ see that the most general 
expression for it satisf ying, Jhe demands of translation, Lorentz 
(inclnding reflection) and isotopic invariance is: 

0 i-i- ^ — i o> ^ 

'S?x'fr;Sfp(pSfA(p^ I 

( 6 . 46 ) 


where lx uJ* m >1 f g/ , p q 


are arbitrary scalar fanctions 


depending only on three f onr-dimensional sq.nares and 


. It should now be noted that the matrix element ’to the left 
passes into itself if vve perform in it Dime con hog at ion and then 
transpose p 'and p '* . After performing the same trans- 


formation on the right-hand side, we arrive at the epuialit\ 






^ ){ s- (p "^ ) iP fj 




whence there follow the rale 
the scalar fanctions jr^ 


of the complex conjagation for 






( 6 . 47 ) 
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rj 0 ~ ^ 2 £ 


Finally, the spinor amplit ndes l/"^ s at isf y 

(in virtue of /2.32/) the Dirac en^etion: 


Ij-n (p") ilfp'f) ^ i/p) Lj'*'^(p)= 


[ 6 . ^>0) 


Therefore, if the matrix element (6.46) stands between two spinor 
amp 1 it ude s (‘p “j and (p ) ? (6.34) an d (6.60) 

are fulfilled, then it may be replaced by 

I 1 , u>. 




introduce tiie designations: 


(6.51) 


It is easy to see that in virtue of the rules of complex conjugation 
(6.47), the function to.us introduced is real. Axnd finally 


it is clear that its value ^ i irn^) at 


would coincide in convent ioiial theory with what is called there the 
experiment al meson charge of the nucleon. 
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Retarnlng now to (6.45) and collecting the resalts, we obtein: 




that is, if we recall (6.44), 


y dI'c'I 


p"^" I j/o)lpi> = L^ xf u ^ Hp) 


(6.52) 


at 




Now let as split the spin-i sot opio index S into tw 


dices: the so in index 


as pass to the nonrelat ivistic case, leav 


inclasive, and disregard ins the t 


1 the isotopic indes , and let 

3 case, leaving onig terius ap to (^l) 
arding the terns of order 


Then the asual snii 


LiiOoion over one sjjin .inohCGs will, give as 


pi tlP T? 






Saostitatii 


eirreno ratrix ei3i..ehts 


riv into (6.43) 


nonrelat IV 1 ST; 1 C 


liiiit anc^ nls 






;gion the express ion: 


i t,e) d (E ~Ep) I (k^-p^)os's A (' j ) X 

■ ~ T/+' j 


Applying to it the operations of syiuiiet riz at ion and antisyurnt ri z a- 


Wvirk aoPKrot tp ^ 


-y— iii- - irire--e n',e-'’h':e'' w-e-- ■ -o-n-r-eirn" ■ 

Pwi 0g,/VW>x>;ytlrh4 ht ‘ P/vi4 


‘A'l LA/H r*! I'Vv v 4\4^ p t-i ^ g ^ t ^ ^4 X j f ^ ^ Ondf "VA i' 
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en d. 


(i - Pfpi) {-i, E)~ «' I 




56') 






(X^’ f £) = Sni( sTfE j' (ic=:^ S^f'f 


aud 

{X/ SiE-Ep) i€*p !S*.s)9'/jr“ , ar ^ 

(6.3d) ^iid G?rryia;i 5 out lot I oo , ,Vx::;l,co is not os all difsiciiit , 

we obtain dispersion relations, iii vs.;. oii it is no lonpsj" necessarp^ 
to integrate over the first of t/ie nnooserved snorRgif)ns (6.42), 
but its con tribnt i^ni io: ex^/rossed bp 
outside tbe inte<aral. As re.pards th,e second 


0 e rt a i a t -o r lu st an d in i 
D 3 e rv e d s o. ores s o n 


we have not sunceeded in evaluating its cont riout ion to in t egret ion 

and so it simolv has to be neglect ed 1 1 -'nay be noted thour^^^ that 

■0 .- 1 ^ 

for forward, scattering, wh-en fO ~ C, thi-S sue region 'vilL not exist 
in general, since it vvili energe into a point. It linewise will sot^ 

c-xi'€t-d:n t he« ap;;rG.)fri.u.at ion— e-f iTifinit«d.y .hc^vy nueteons'U'’' ' 

Here we shall not write out the explicit forn of the dispersion 
r e 1 at i on s w i t h t he ‘ t e nii t h a t t a .. e s a oc CiH,y 1 1 c f t li e c on t r i b u't i on o f 
the unobserved region, since we fi.rst want to pass iron the scat- 
tering aiuplitudes considered so far that nave a definite syeuiietry, 
to the rreplitudes that correspoiid to the scattering of particles ' 
in concrete spin and charge states, 'which 'will be done in Sec. 3. 


# 
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There also we shall write out in the final form the dispersion 
Telatiohs foriuulated for the last aiupli^tudes that ^re of direct 
interest tg the experimenter. However, before passing to this 
purely technical problem, we want to devote the next section to the 
derivation- of dispersion relations that are free from the objections 
mentioned above. 
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Sec» 7* The ri^^orous Derivation of Dispersion Relations # 

@ 

Let us now pass on to the rigorous derivation of dis- 

(v) 

pension relations. 

In the previous section we had to do with the Fourier 
transforms 


. ft 




taken at 


I' .. 

Now it v/ill be more convenient to consider these expressesions 
as functions of two variables E and t , where 

. ( 7.1 ) 

Let us put 

_ . f ^ ( 7.2 ) 

I E F~‘'' (xj 


( 7.3 ) 


and 

T{£x)zT Es,t)'/ ! & P(x)Jx) 

‘ J 

The vector ^(perpendicular top) is not explicitly stated 
in the number of arguments? the indices are likewise not 
written out since here this will not lead to misunderstanding* 

In order not to deal with the duplicity of the stpiare root 
we shall always consider ( as in the preceding section) not 
the functions ^ themselves, but their symmetrized or anti- 
symmetrized forms: 

ST ; . ■ .. . .. 

It may be noted that 

C T'^'^ f r ^ I 
O I C ^ / V 


“99^ 


t, 

Sanitized Copy Approved for Release 2010/05/12 : CIA-RDP81-01043R000300060017-0 


I Sanitized Copy Approved for Releas e 2010/05/12 : CIA -RDP81-01043R0 00300060017-0 | 


- 1 ® 0 - 


is an analytic function of ^ , regular , in the region 


^ 0 ^ 

and ipso facto the analrtic function of c , regular in the 


region; 


UB > 


1 \j j 


( 7 . 4 .) 


iknd quite analogously 




is the analytic function of 5 r, regular 'in the region 

<- jufe'^'^Tp } 


(■ 7 . 5 ) 


Let us first consider the case when % is fixed and has 


a real value: 


'T < - 


( 7 . 6 ) 


In this case 




and therefore 




( 7 . 7 ) 


is the analytic function of E in the region: Ini f > O 
and ( 


( 7 . 8 ) 


in the region 


Let us take their difference 


Let us take their ditierence ^ j ^ ^ 

for real E and let us repeat the argument of the preceding 
section, which, however, will no long contain now unjustified 


elements, sin^e in the case under consideration not only E, 
but alsoV^Cfealways real* 


We find out ^ ^ r~ y 
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s.D 


•lal' 


L r r 


@ ® 

if 

© @ 


f /^/4 r y; , 

4 'J •'I t-f> 


( 7 . 10 ) 


ft / < 


' > 


M m f r vi 


- 1 


( 7. II) 


i, 


Then, developing the expression on the right-hand side 
( 7 , 7 ) . -we obtain: j ^ ^ 3 ^ 




yv 


I A/I ^ ' / ; I 


.1 


where 


( 7.13) 


'f,s,v = o ■' ^ 


6 '/Ai 




Already from ( 7*9jj (7.10) we see'that the functions (7.7), 


( 7 . 8 ) are one and the same analytic function T kB,ZJ 
regular in the region with cuts on the real axis^ for 


E<~ — 


I .Aiyi ^ ~f) ^ - 


/ 


yl X 7 1 

cv^'^ ■ t e" 


and with poles of the first order at points 
Approaching the real axis from the upper half-plane we 
obtain a retarded function, and from the lower half-plane, 
an advanced function. 

Proceeding from the definitions ( 7.2) we may note 
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that in the case imder consideration whence is fixed 
the analytic function 5”^ "y may increase at infinity 
( when >S> D ) slowly than a certain polynomial, 

Thus, vi f has properties that guarantee the 


correctness of applying the Cauchy theorem: 













yhz/ 




(7*I4-) 






B f 




Where n is a sufficiently large integer, 


C 


is an arbitrary 


real parameter, which we take in the interval (7*11) so that 
the denominator j does not converts 


to zero in the actual region of integration in (7*1^). 
Further; 

iTt 5 \ ( ’> 1 /- • 

( 7 . 15 ) 


j^'urtner; 

j(t) - 1,- ■ 

Z- 1 








• ^ iHr V ^ ■ 

It should be emphasized that we established the ^’dispersion 


relations’* (7#I^) only for negative T ^ which satisfy the 
inequality (7.6). 

Now the real dispersion relations that were spoken of 
in the preceding section are obtained directly from (7.1^) 
only when it proves true also for f r 

In order to extend the region of V for which the 
relation (7oI4) is valid, let us make use of the methods of 
analytic continuation. 

It should be noted that the function b / has the 
following important property of analytic representation, 

namely F, i2 E Ja ^ ^ ^ ^ 


-( 7 . 16 ) 
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if are all real arid t < ^ ^ 

Functions introduced here z) ' 

are generalized functions of the real variable ^ 

and analytic functions of th^omplex variable V , regular 

in the region; 

(7.i7) 


where P is a certain positive, sufficiently small numerical 
multiplier. 

In addition: 

F,(\ t)^o I 


J foi- K (7.18) 

Before passing to the proof of representation (15) we 
shall show that the correctness of the relations' for the 
required values cr follow directly from it| 




For this purpose, let us again take negative Z that 

satisfy the inequality (7*6). For such V both the repre- 

sentation ( 7*16) ( as we have temporarily accepted, prior to 
the proof) and the relation (7.14) Sre correct. Then substitut- 
ions (7.15) in ( 7.14) we find; ’ 




f ^ (r-f) AM V ^ (7.20) 




E-E.U) 




S i- Sf7 


where .nr /r V iV rJe' 

= ‘ - 


/ 


tiil 




2..FFF7^ ■ '0 






(7.21) 


.1#./ 

f / , - 

ijTf J (- s' f 


/ \ FH-/ J, , 

CE-E.) f pjie 




•z) 




5 ) -S'fF ) I 
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Let us take an arbitrary in the interval 


6. I 


(7o22) 


L i f 


Then in virtue of the established above properties of the 
functionsfit may be noted that the equations ( 7o2I) define 
the analytic function ?>/ ^ 

in the region : 

9jlz (I ] ifnit ) / mi ; j 

On the other hand ^ is analytic in the re- 

gions (7»^), ( 7*5) • Thus the analytic function 




df(e,rj - p,e,t)j i£BE^iz)j 


(7.24) 


(7.25) 


is regular in the region 

• P ^ L cC I i ^ / ( S ^ C I <' J' 'y? ^ ' 

I L^el ; /L^/erFi - H-ei . 

In accoraance with (7.20), the function (7.24) for negative 

TT , that satisfies the inequality (7.6), coincides with 

the polynomial 






(7.26) 


j- ^ tpuj ) 






Therefore it must also be a polynomial with respect to E 
throughout the region of regularity ( 7 . 25 ). 

Since, on the other hand, Ak::) , /J/y ^ t V 
analytic functions of Z according to the very definition 
(7.10), ( 7 . 15 ), we see that and EiEr) 
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should allow (ifor analytic continuation. 

0) ® 

Let us take any t = from tlf^ re^ion<.,(7.I7) that do 


not lie on the re'al axis: 




^ c 




and let us construct the corresponding” £ , putting 


E -El f- < £ I 


where 


2 B, B, = r. 2- ^ ; E^ C M ; ^ c* > D 


It is .plear that such belong -to the region (7*25) and 


therefore Z should be contained in the region of the analy- 
ticity of the functions , £z (t) ^ 


Hence we conclude that th^se functions are analytic in the re- 

- • %t tis 

gion (7.17) with a possible cut lying on the real axis^ ^ 


show that in actuality this cut does not exist, so that these 
functions will be regular throughout the region (7.17). . 

For this purpose, let- us consider the. real 
and let us set 


l = 


-.t, ; 7^'^ . 




‘J. 




^ i < 




For a sti^ficiently soiall 


I 


, such IE0 J obviously ^re 


included in the region (7.25). Let .us. now ten, 4... V,. ta 7 ,erall , 


Kow from (7.2i), we find 

4> (7,27) 

and, taking into accovint (7.16), we obtain: 

4’ (E-f )‘^f) ~ ’^{B_0.') ) = d T(£ijtzJ (7.28) 
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the other hand, on the basis of ( 7*2): — 


jf ( b ^,<+) = 




/:■ 


/ 


and therefore: j T [S i ^ 


Quite analogously: 


.4/ 


f (e. , t. ) - 


i r (S., 


We therefore have 




'UH jj f -4’tf-j‘^V 7 


Due to the fact that for £t , t the function (7.24) is 
equal to tha polynomial (7.26), this relation will^^sobtain for 
it al so • 


Hence, it follows that 

■'U/r. Cc /fi 


tend to the same limits as 

Thus, the cuts for the functions under consideration 

does not exist, and they are regular throughout the region 

(7oI7). 

Taking note of this fact, let us return to the relation (7.20), 
which as we now see, obtains for the points J of the 

region (7. 2|). 

function of the .cnrapiev v ariabl'es ^ ^ « ^ 
on the right-han.d side of the above-mentioned relation is 
regular i.n a broader region, in the region eSf (7*25) 

We may therefore extend the analytic function 6 f {^jtJ 
in such a way that it will equal the right-hand side of (7.20) 
throughout the region ( 7*25). 
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It should he pointed out that for the analytic function 
5 t(saJ extended in this way there obtain the usual re- 


lations with the usiaproper limits 


(7.28) 


^ f (£-‘^ ’ 


if only ^ ' 


e 

(^29) 

are all real, and 


. Cn-j) 

Indeed, on the basis -of ( 7.20) we see that 


© (© 


'.Im S ^ ZiUE?J 


& 

? > o 




, - I 


1 


But, on the other hand, given sufficiently small 0 
point 


,the 


p - E ti i z u B y 

f ^ T 


belongs to the region (7*25), in which we have the right to 


make use of equation (7«2) and to write: 

ST' (Bt / 3 ^ r f c XL £* 7 7 - 


r: S f j ^ / 2" Sqi J 8^- C^r<?L'I^E)<fo-X ^ y Ujcr ■ 




due to which fact ^ ^ H^Sd):: J T (6, Z J 

Analogously we verify also the property (7.21)* We established 
the relation (7.20) throughout the region^ ( 7.23) , But 

4-i>i - together with any E that does notr. lie on the real 

© 

axis, belongs to this region. Therefore, (7.20) is rue when 

X >y) £ f o 


t ^ rvi^ + 


@ 
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B 


By a reverse substitiftSlon of the variable of integration we 
transform (7*20) to the form (7*1^), in which in place of 
there will be the expression: 

F, /'if -V/ C7.30) 

® 

c o inc i ding with it , „ when"' ^ ^ 

iThe expression (7*30) is converted into zero ( .just as 
f ) for 

In the interval; 




, ) i - 

i , ® Y'®'’ 


. 

"a" direct definition of the function 


(7.31) 


(7.32) 


• by the integral (7*3 )has no sense, and the expression. (7.30) 
may be considered as its proper extension in the interval 
(7‘.3I). • ^ • 

, Thus, we obtained the relation (7.li) the requirec 

value of X' with the extendad function (7.22). In order to 
pass, in it, to the real E, we have the equations (7*28), 

. ’ . 

It is thus that the validity of the dispersion relations 
of the preceding section is .established. 

In order to complete the proof, we still have to prove 
the representation (7*16), which we shall now begin. 

Let us use the equation (3.23): 


e 
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from which we obtain: 

z;. fh) ' (p‘-F 

Let us here express the matrix elements j... I fi 

by the vacuum expectation values with the aid of the prin- 


ciple (11,3). We find 

T- P^'P . /) i \ / j-.:3 , 

c /'-r '/V 


( 7 . 33 ) 

. /-j/ - . 


, -;y - /"^ (p!/, f-p, Pj t-p^ P.J 

Let us now introduce one convenient notation* Let there be 
a certain translation invariant function Fi^iy, J of . 
four-vectors Xy ^ «, As we know, its full Fourier 

transform is proportional to pc, J . We shall agree 

to denote by F \Pi,...,Pl^J the coefficient that appears here and 
call it the Fourier transform of F* 

Thus , we have 

j Fi^i , .•• V/,.., ./A /''‘"(Ar-j'A 

J ^ ^ 

Using this notation, we shall rewrite the relation (7.33) 

•in the form^^- ^ ...... , 


where 

and 




(7.56) 

( 7 . 37 ) 


5 r/'x'J 


k — Pi 
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,X«- 








J)‘*\x,, .>,v 


' .: 'J,--, r'; ^ :'-'»7 ',' 


- ^i) - 


J ■ tl '■ '\ ' ; -V. /’ 

d> * v ' ^ 


/ . w,^V 


(7.40) 






^ / “ r:.,, 


S Lfi^j 




Let us take the expression and apply to it the property 

of cojnpletenesS ( 2.6). We have; 




r 


^7" , f- k^x^)!o)<^/y^^!^y 

hj>iy,j %Xiy ' 3 •' / 

3,- j 


(7.^1) 


rl ^ i '4’ <5 ~ — I- . : /w/ 'l^ysh^ jjj ^V/ ^7 

- ' 'SifMjfihj'' 


h j 
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On the other hand, as has already been pointed out in Sec. 4: 

I Py ~ 0 

further, the expression ^ })}( '^tCJiO)^ 

is equal to zero for one-meson and two-iaeson states, due to 
which fact only states for which cs 

contribute to the sum Thus, (?0 , considered as 

a function of ><'/ , is represented by the superposition of 


the exponents 
inequality 


Therefore; 


satisfying the 


h k I 


' if 

Quite analogously we find: 

/) ; Pl - - - /’y/ - C if 

i c if 


mj '■ 




(7.42) 


(7.45) 


Uow let us return to the relation (7.55) atnd multiply both 


sides of it by ji ( 
We obtain: 


U 7'T^~r/ 


La .4 t:Trr : V i 


.L—j'.li 


( 7.44) 
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t- 




- ?«.- 


and note that 


(2 •'^5) 


^ ) h } pi) - ■** 


Further, on the basis of (7«38), (7.42), (7*43) we may write; 


t-t) 




c li a. £ 


where 


/V‘"^cx.-.x,y = 


' / <'3/, 




(7.47) ■ 




/W /\J 

To determine the analytic structure of the functions n 

Q 

1 et us us e "the folio wing the o r em : 


The translation-invariant generalized functions are giver 

Fij-j 

which transform linearly by the transformations Ij from'thb 


Lorentz group; 

p.. ,^ [U,. . L z. 7 . 1 >/ 9' - ^/' 
with the aid of representation A(L) of this group, which 


representation contain the usual tensor and spinor repre- 
sentations. 

In addition, let the given functions satisfy the 
conditions: ® 


m 


^^,A,y O Xj < X, ^ ^ Xi ; ility (■X,.,x^)z 0 , ^ s xyi ® 


m #1 
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( 7.49) 


© 

where O4 is a mimerical factor; greater than unity, 


A/?w> 0 




' '■’ J P’-^pjF ^ (7.50) 

© 0 Tfeen it is possible to indicate a positive numerical 

factor|)( depen#.ng only on 6“ ) such that for p^y...pt/ 

.belonging, to the region • . 

' ■ ■ ■ . , -■ 0 

• 1 > I p4 fh <. Yj 

Pi < /W 

a representation exist 

, p^j {4j 

with a finite nuinber of terms in the" sum. 

Here, '4ij L< i,Z, ,2 ^ ,2 , ,7- j ■ are generalized 

0 _ ,,, 

functions of a real variable © J?/” , which functions are 

analytic ^ • • 

(functions of the complex variables i?,. . . j which are re- 


gular in the regtpn: 

/5: ^, < A;? ^ <3 it X/ 

fltz, < nS <^0 i'/j -'0 , 

Let us ''first of ®all use this theorem for thb® components of 
the filinction ^ . . . Xi^j 

^ Let us put; D^*'^ ~ 
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-11^ 

^ (^tCr v I 

i"’ u '.)= <^oi ~ !»'? 






- o 


'1 


^ (jf^) ® Y^. 


( 7.51) 


© @ 


where, in aocordarfee with (5,4); 

? j ^ f 

^ I? uj 

Let us also put; 


lo> 

Vi/.,; ^ / 


T^i ■ ‘ 


-.j' 

d 3 






_ , „ .. wh> 


^tO 




(o 


hav€ 


cJ ' 

i!^ow we may note that the functions , and con- 

sequentiyilSil he translation-invariant and will be transformed 
as the products of spinors. 

In virtue of the causality condition 
the properties (7.48). 

Let us now verify the conditions (7.49) with I ^ A^~ ^ 
For this purpose, we shell proceed f com the identities 


? I 
SV’/A) 

that follow from (3.4). 


S4'(7s) 




We have, for examplel; 

Applying here the completene-ss prop^iSty^o tWe first term on the 

right-hand side, we find that its Fourier transform is converted 

. t 


into zero when 


Pi v: 


^ <r ) 
5ht-ha 


The Fourier transform of 


the second term of the right-hand side is converted into zero 

i h 
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fterefore: 

Tti© rsmainirig condi 1310113 of t»tiis group a.r6 V6rifi6d in ilie 

same way. ® ® . ® ® 

© © 

Let us fass, at last, to the final conditioni(50) . |e have: 

-[H‘2 j (7.52) 


V ^re 






. «(x.x,y, -Ipl 




and therefore 


( 0 1 AA,h)i 

= <g/ CAr^hoJlni’) jM- S^k}, n£ (7, 54),: 


Otf the other hand, the expressifgi 


yn^iSSiiL CA 

® ‘ 8^fL^t) ® 

state|^ ^ ® 

is equal to zero forfwithout nucleons in accordance with 

the condition of the ^ponservation of nuclear charge. For 
the states m with only one nucleon 

r'^ r>^ k j7 


f; fj) -c- 
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m 




as a result of which ^ 

Thus, to the sum (7*52) only those states contribute, contain- 


ing_ at,, .leasts one .,^cleon and one meson; for such abates 
We now notice from the equations (7*52), (7-53) > (7*5-^) that 


the function on the left-hand side of (7*52) is represented as 

^ © 

a supe 2 >-position of the exponents of the types 




s^ilnt reducing the usual four- vectors; 

p,- '1.; ; 




we see that; 


© eft 

Hence it follows that the Fourier transform on the left-hand side 

'•'w/ 


of X 7 o 52 ), and therefore also 
is converted into zero when 




0 


2,i f ^ ' ■■■> 

The remaining conditions from group (7*50) are verified in the 


very dame way. 


^(0 


We may now make use of the representation of (A) f or /M 


It is not difficult to’ note that a representation of this same 


type is true also for 
and i pi , •••j ) 


: / 




. For 


.^pbtalned A) ^ for^. 


the respective representation is 
Py Pj 


Thus, taking into consideration (7.44), (7.47) we arrive 
at the following result; 


^If 












ff, 


0 + f.) (7.55) 

f < f, 'n*- 

( f is a numerical factor^^ ), trien the fol,lowing representa- 
tion attains; ^ ^ ) i ^ ^ M A,, ( ^ J r j 


(7.56) 
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- 5 ® ^ ^ r.' ^\S.f f P'P^a r ^ 

- ( p)r i'i ' U\f > ! t (7.57) 

■>2 & Cf' 


in which 


?,(hpl'jh Qu(p^p[<^) 

are polynomials in the components of p, P > ^ , and 

are the generalized functions of the real 
variable , which functions are analytic functions of 


that are regular 


the complex variables ^ / ‘ 

in the region: 

1 ^ 2 , < + ip£- 2 .j ^ m‘- 

/MS f, <' ft ^ 

In addition, (p (Z,,. .. 2 f, 2 f) = 0 when ^ ^ jX ' ^ ^ 

Let us make use of the result obtained for the interesting 
case when; 

~ ^ p+p'- 0 ^ cp~p'f^-’ip 


'-f, 

A'^o T 


e- /> - 0 


ta'iing account here only of the dependence on the variable^ 
Taking note of the fact that the operation S cancels the 
ft'id powers of X from (7. 5S) , (7.57) , we find; 

VfY/M^fjj6T(7:,Tj - 

= 1 Tf t /v- ^ 

fSr 

Here generalized function 
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of the real variable j , which functions are analytic 
functions of the complex variable T , that are regular in 


the region: 


< L ; ]Xhi r j 


( 7 . 59 ) 


In addition, 




, U i n, y 


(7.60) 




Let [/•' be restricted by the inequality: 

_ j /tlni — C q 




o A h / O 


if i fy3^ <; 


Therefore, we may define, with the aid of equations: 
/ ^ U ty 


I t i- t 

F /-t. ^ aA ^77 

'"r 

the generalized functions t , which are analytic with 
respect to C' and regular in the region (7«59) in 


respect to 


such a way that 


F, Ur-) = 0 


. FJt,z)^o 


F' “F '(/>n f It, p 


Taking note of the fact that a Ft ^ J coincides vitb. 
when 'ib^ U i) ^ 

we obtain from (7-56) the finql result: 

- F, Zt , > j t-F^y~iiF jMFFfi^F 'c : i ) 


which completes our proof, 
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to the ^.atheLnatioal a^jpendix. 


Theorem !• 


Let UB consider 

the 

gener 

alized 

iiaictions 

four-vector X , 

vhiich are 

•♦reta 

rded** 

and '» 


F 

t 

U) 

V/' 1 

f'Oz 

X .,i 0 


V 


-1 




h 

{.X) 

-n' ^ 

fO'c 

X 




n 7 


and denote their Fourier transforms 
Then, if for some hold*: 

= 0 , for_^ y., 

there exists analytical function h ) of complex 




four-vector < , regular in 
I kU k I 


the 


domain : 


( 


nhere 

_ j / V •’ / 7 

For real , belonging to this domain holds 


U) 


r 


r' . <) - g i ; r, I -y. 

being given and arbitrary large nuiiibers 


functions 


being fixed one can construct indepencient of /' ^ f 

p . ■■ t '/U. 7_ d/z-^y 

which belong to the class / Fj ©nd have period 'F -'T 

with resxject to *^9 such that for every A from the domain (1): 


f U) - H (p) -F hi (^;p) /; 


ijo) j dp 


In 


j ) 


/ / h Ug. . 9,ip)ci0^ 

( 4»icS) 


(A-y< 
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Theorem II. 

Let us consider generalized fimotions 








» 

© 

for which hold. 

r .t 

% ht t 


> 

' A.X ^ ' ■ ■■' 

® 

&?3 0 

@1 


y for 



/ 'k ^ d > ri: 

® 1 

® 

i.-' 

^ -g for 





m 

/'"7 

; 

V 

(§) ^ 

’ "t.' ' 5,5 

@ 

0.' 


dr 

, f or 

'tx. , 

l,> 

A s,. 

-' ’ 4 ^ 



1 1 ■ '' 

f or^ 

.X, 

a 

,X g / 

•' @ ..< ■ ' 

® 


Let it be for sorae 




® ® 



y '‘O' 




a ® 

s a ?3 


^ Pi 



i r 

-ffor /a."/ .. 

0' ■ 

K , > f: 

'} ; 

V 

-a .a-; 



= ,r 

® 

•i for ^ P. j .. 


® 


f: 






for 


( I A 


There exists then the aiialy tical ®hj^iction , 


n 

t 


of tv;o 


complex four -vectors ^ "'"'regular in 

K/'*y , kl ■ 


the 


i'^il S' ; ^ I !i (s 


d oma.in : 

~ i.if j / 


® ® 

© ® 
ei5j-?s’.:5> , ^ ® (,) 

For real <^u this domain'^^ function .T -S , ) 

coincides with ^ ® 




Besides there ta.ke 30 place the representation A / of 


the type (3) of the theorem I Ivei^wdiere in t!is doinain (1) 


® ©■ 
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r 

V 


for 

L-/ 

n 



■h 


0 





p-nv/P 

for 

it 



1 / 

d 

U 






for 



) 

% 

u 

< 

n 

'.y 





P'jp.pjj - 

for 

y, 

i/ 


0 , 

\ J 

> 

(J 


( / ) 

r . /p. 

p 


" ''cj t 

for 





(> 

j 

A, 


® p 

1 , 

i 77 ' 

’ /o 

// 

/V 

"h' I ' "■ j 

for 

i p 

/ ~ 

/t 


1' 


‘ / '- 



where 

'/ are constants 












f 


0.' 








Let U3 take some functions 


* ^ / 


. / 


with the properties 

a) \ ^ J ^ are everywhere continuous with all their 

partial derivatives. 


b) The possible increase at infinity / ' j of each of these 

I •' 

functions and of any of their partial deirivatives will 


be “hot higher than polynomial. * 

) It is possible to point aut the ortiionormal system of four- 
vectors ^ ; 


and the positive numbers ’ such thai 




i \ I j f- ^ '-Vl ^ “ '■ 
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# 


m 4 _ 


» i# 


for every real Z satisfy following inequalities 


m 


I 




Under these oonditions^here fold follov/ing statements: 


1) It is possible to construct the function 


analytical with ^respect to complex variable 


"" 


regular in the domain 


I d I 


/ ' 




and generalized with respect to four-vector 
that for real from the domain (3): 

V 

t ‘ h 7 ” r ^ 1 a ^ /,! ^ V ^ /j 

2) being given and arbitrary large ^numbers 

fixed it is possible to construct independent of 


such 


being 

f\-'_nction 


'r 


of real variables 


■ ' :ss7 s; n 


••• 


^ " I ‘•1m- r J ^ in ■ 

m 0 

which belong to the class i /6 j and have period ^j7 with 


Respect to@variables 1, , m such* that for any V ^ from 

Os/ JK ' 


the domain (3) : 
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- 5 - 






-Mi 




J 


e'^) II j(u«. i r1 if 




Note. 


Let instead of conditions ®( 0 ) ^ (6 .) of this theorem it hold 

conditions: 

are coritiioilous with all their partial 


follov/ing more genera.^ conditions: 


derivatives for every cK ,for whic^ 

® 0/5 # 

® ^ ® M c 

® i) ^ ^ 


where Q is ^ome^ arbitrary constant. 

® * ® 

by If U(<^) is one of i:gi.ese fActio^s or one of their 
partlai. derivatives it is possible to point out for it 
the integej:* ^ such thcat flinctio^ 

« * if* -c) i^(f) ® ® 

will be coritinuouse and bounded by some pol;^^oii]ial 


in IQI — i- iQp, 

/ r 


and the others conditions are conserved. 


Tlaen it is ^^josslble tor.= point out the Integer M such that 
statements of 'the theorem" (3) are valid if only they are 

0 ‘i*; 

®f'dlateti td''‘‘‘''fmi^tiohs"'‘ - - -- - ^ ' r-. 


7 






€ ® 


rather than "to 4 and /'■ 
Theorem IV- 


# 




Let 

0 


® © ® 




^ ^ ~ -f 


m 
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be scalar (Lorentz- invar! ant) generalized fimctione of ,, 

and satisfy the conditions ( 1 ), (2) of the theorem (III) for 




where 'h ^ is positive constant, and -T numerical factor, 
greater than unity * 

Let besides be 

r :j i jh jz ^ j:>} - ^ ^ 

Then it is possible to construct the function 


analytical with respect to v. 


. / 


v , , regular in domain 


A<. N ‘f > 

At ^ J ^ y >'■ ; 

/U 

/ 

^ j 




r 


1 / / 

Al V ?/ » ^ -f , 

/ 1 1 A ^ ^ ' ) 

; i 1 

" 3 > 

i, 

1 . is positive 

numerical factor) 

and 

generalized 

with 

to ^ v^ith properties 

6 





y n ^ ^ * 




'11^/^ ^ /- ‘ ' ft 

X 

- >*■ /’ ' 1- 

ir> 

. 1 •/, 

.) U > P ^ 


for every real , yy for which 

h // t y,/ ^ -i fit /- />/ ^ '"C 

lie in the domain ( 1 ) • 

Theorem Y. 

Let us consider scalar translational invariant generalized 
f unc t i ons' ' 


~ fr fu 


g. ^vh; ^ 


# (# 


I 
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which satisfy the conditions : 


r 


■ Xf,/ 'Uj 

% X, ^ Xj, i 


r 

1 i 





Cx,,.. 

dT 

il 

XfZ X,, Xy< X^ 



fx,,.. 

. rO ~0 -, 

x^ix,, X,>x^ 

ii) 


(pn pv) - 0] Pi < {ii t ) pi ^ 

(pu-py) - ^iJjyr-py) ^ ^ > pt < ' ^ 

Pij (a , . . . py) ^ ^ i ^P, ^ >' r ^ ^ ^ 

where is numerical factor greater than unity and 
^ f ^ ' 


L (ip,P,) W ^Py^YfS 


( ) 




Then it is xjossible to construct the function 

analytical with respect to regular in the domain (1) 

from the txheorem. IT and generalized with respect to with 


properties 

for every real connected by 


-z (pn- Pv) 


for which 


I ~ ' ^ ^ pj > / ■' P^f ) 


■7)' -r/y 


lie in the above domain. 
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Theorem VI. 

Let us have translational invariant generalized functions 


f-j ; / = .,4; / •: 

which satisfy conditions (I), (2) of the theorem V. 

Let us suppose further that under transf orraations / 
of Loreiitz group they transform linearly : 

/. 


y,. /. 


by means of some representation ft/ of this group, which 
splits into usual tensor and spinor representations. 

Then it is possible to find out positive numerical factor 
(' which depends only on the number , such that 
for jj^ lying in the domain 

.p 1 . A ^ 

y" <: /'/ h ( •>' , /./ - 1 




there is the representation: 


r ! n 


/ 


with finite number of terms in the sum. 
liere 

’ft / J ^ y , ^ f- 7 

are analytical functions of complex variables 
regular in the domain 




A ( .< 


/vj /■ ( '4^ dc ^ / f- ( / 

. ■ 

and generalized functions of . Besides: 


f . - 

in A, ^ /'i i ^ 1-7, . X /d V / / , ,1,;, - ^ 




.,) .0 


('d + m) . 


‘h 
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Ti ls S': -called 'spectral* represent ation for the function which is 

.Hi 


SlIT). 


TO .7 related (see below) to ^ , was first obtained by 


htlllen ^nd LefiianYI They also established the properties of (4*8) 

(4.10) 




ting here 


X <c — >y ? we obtain 




Llr^) 


(4.11) 


Th. s ju. tifies the signs ( -) and v + ) introduced earlier; 
th'- megf; jive-f req.uency function really contains only negative 

fr q.uencj.es and the posit ive-freq.uency function, only positive 

Was 

f rv qiienc ■ es. It should be stressed that this 1a& shown only for 
var lum IB itrix elements; generally spea.King, this property may not 


Courier i ransforms with the aid of (4.4) and also inserting the 
exi „ essic .1 (4.6) for ^ C^) and the expression for ^ 

iCk^J 

tha. folI'BWS from (11), we obtains 

aciA/ / 


7 c)cj ^ ^ 


ut 




( 4 . 13 ) 


^"Cic) ^ 2 ^ 1 ^-^°) Ki<'j -f- 1 

One very mportant consequence follows from these equations. Due to 
the prope, >y of (4.8.1) of the spectral function I(^^J just 
est relished, we see that li small momenta the 


be :fulfi’ led for matrix elements with respect to arbitrary states. 

Conve^^Wna 

Re 'lling now the relations (3*35) and g r it-ajfinglfin them to thetf* 
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- m 


Fourier transforms of all tJiree functions 
coincide; 

^) - Q when k < 




and 


I 


7^^ 


When lc^<^^r 


(4.14) 


This circumstance will serve as a basis for establishing the 
analytic properties of the functions g tj snd ^ 

which we shall now investigate. 

Let us consider in detail the Fourier transform 


9 


^ . X j G '^ X 


mi 

in which, iri virtue o^ the c#asality condition ( 

) 

fi '^r . . @ 

4 for . {4.1b) 

We shall show that this Fourier transform may be continued into the 
region of complex k by substituting 

j< -7 K - J?-r t r J 

if the four-vector . 


- Lw K 

satisfies the condition 


0 


> 0 


:4.i6) 




•rx 


and p is arbitrary. We then have 
t i>v - 

L<)z 14 CX)Z' t 

-M— 4-s clear that in this integral the exponent e ' 'I will 

be a cut off factor ensuring its convergence. Indeed, in virtue of 

© 

(4.16) we will always be able to select a frame of reference in 

-Jr ® 

which r--0; therefore, the exponent will taxe the form of 

But according to (4.15) integration is actually performed only over 
the internal part of the upper half of the light-cone, where 


X"> D 


and X ^ 
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I ijfiy: ~r>c 

Thus, fanction 6 2 will belong to s certain 

class CC^,^) ,, in which 




L. - 






I 




. . 2z 


oln 




for any iii=0 , 1, ;n-0 ? 1,’...., q. 

On the other hand, according to the condition 2.1 
the fonctidn C>^) mast be Integrable and therefore the integral 

I 


4Ki hi> ) 0^> ~ • i 


^{X 


(4.17) 

may be viewed as a linear factional in the space of fanctions h(x). 

* CJ» *» 

For this reason, both the integral (4.17) itself and its derivatives 
with respect to k will converge: " 


•s i" > 




i)< X 








Ijjt 

Thus, 9 will be an analytic fanction, of k in the region (4*16). 

Let as note farther, that the integral (4.17), being a linear 
functional in C , mast ipso facto be limited in absolute 

value by the linear combination of values . Since the 

^ 0 j*ivatives of ^ with respect to x are propoxtional to the 

powers of k, we see that the fanction g^{k) increases at 
infinity n6"t faster than a certain polynomial with “respect* to X 
(here we deal of course with the region k in which inequalities 
(4.16) are not relaxed. 

'ut' 

The Foorier transform g ( k) for the real k may now be 
defined as animproper limit of the integral (4.17) when 
11^4- iT] ^ C jo) 

r>e>, r-'? 0 (4-18) 

In quite the same way it is shown that the Fourier transform 

r ilCY I 

( ( 4 . 19 ) 
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may be oontinaed into the complex plane with the condition that 


and after this define the integral (4.19) as av^improper limit 

'ter _ ^ 

Thus, we have introduced two functions ^ i-^eand ‘A and have 
proven their analyticity in the regions (4.16) and (4.20) respecti- 
vely. It is easy to see that the relation between the introduced 
functions follows from the parity relation (3*31) deduced earlier 


-- - J A cLi 

- r > 0 


(4.22) 


and 




C 


ad^.- 






r i 


(Kl/W, 


(Xj 


( 


cif 


(4.28) 


there exists the relation 

r> 0 

T'or further argument let us fix the frame of reference so that 

f - 0. Since T is time-lihe, this is always possible and 

in no way does it restrict generality. 

let us first investigate the function g j the function g 

can always be obtained from it with the aid of (4.28). From con- 

ilt' 

siderations of relativistic invariance f (x) can, in actuality, 
depend only on x^ and sign x°. But then from (4.22) it may be seen 
that the values of the integral (4.22) for any two values of k 
connected by the Lorentz transformation L , which does not in- 
clude the time reflection, will simply coincide. But any two complex 
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vectors k, for whicii the integral (4.22) is defined, are necessarily 

■ -f 


related by the transformat ion ^ > since only such transforma- 

tions retain the condition 1 >0. Consequently , the left-hand side 
of (4.22) is (for all k that satisfy the condition! ! >0 ) 


a function only of Thus 

f unction CrCk, ) ^ 


^ UU . * r ) 

^ is g certain analytJ 


only of k ; 




- (rU^j 


(4.25) 


definite onlv for such k; ss T/i/if : 


im > d [ > 0 

In order to find the region of analyticity of this function on the 


complex plane , let us note that in virtue of the proved analyti- 


city of f Cp-i-irjin the upper half-plane with - ^roopcot^ to I , 
the function will obviously be analytic at a certain point 


§-.p-r‘ 




(4.24) 


since one may find a least one vaotor K~ I F’''*'' > '5 


that satisfies (4.24), the fourth complex component of which would 
lie strictly in the upper half-plane. But from the equations (4.24) 
connecting f imiuediately that this 

can alw'ays be done for any points of the complex plane , 


with the exception of the real positive' semi-axis; 


1yvi(k"-) ^0 ; - Re. i 0 


(4.25) 


Thus, the function G C<h.is analytic in the complex plane 
everywhere with the exception of the positive semi-axis. But the 
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- 

vectors k, for which the integral (4-. 22) is defined, are necessarily 
related by the transf ormat ion ^ , since only sach transforma- 

tions retain the condition r>o. Consequently , the left-hand side 

I — ^ a P ® 

of (4.22) is (for all h that satisfy the oondition ' > j ' >0 ) 


Thus 


is a certain analytic 

2 


(4.23) 


a function only of k 
function CrCk ) only of 

ip-f'S ) ^ 

definite only for such k; gcs T/ui Sccti-^^U^ : 

im (l4v!kj">0 

In order to find the region of analyticity of this function on the 


complex plane let us note that in virtue of the proved analyti- 

P'0 

city of t Ipniljin the upper half-plane yt^^ ^—yoQpQQt - to I , 
the function (tCIC^) will obviously be analytic at a certain point 




Zh« r" 


(4.24) 


since one may find a least one vector k- [ ^ , 

that satisfies (4.24), the fourth complex component of which would 
lie strictly in the upper half-plane. But from the equations (4.24) 
connecting ^ seen immediately that this 

can always be done for any points of the complex plane , 

with the exception of the real positive semi-axis: 


i 


Im'K^) - 0 ; I - Ks.[)c^] 'i 0 

(4.25) 

Thus, the function C i\C'] is analytic in the complex plane 
everywhere with the exception of the positive semi-axis. But the 
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fanction G- (K^] is a function of one scalar variable, and it does 
*not know’ what vector raised to the second power gave rise to this 
argument, for this reason, the reservation raade after (4.23) is now 
no longer needed; Gr will be an analytic function for any complex 

vectors k^ , the square of which is not a real positive nomber. 
Finally, in virtue of the remark after equation (4.17), o.t in- 
finity G (k^) may increase not faster than the polynomial. 

Let us now define the two (maybe generalized) functions 
and as improper limits; 

Cr. ' (rtl'") (4. 26. 1) 


and 


(f [p^j - 'kllk j X’'>vi(^ k"; j ^ ^ 


( 4 . 26 , 2 ) 


Im 0 

If we now compare with the aid of :^s. (4.24) the limit transi- 
tion to the real axis in the function | i^/and in U [k J , given 
the condition ? we shall see that 

fQ,Lp-) r>o 

9 - 1 r r^i-] . r. - (4.27) 

The property of symmetry (4.23) now gives as straightforward 


(4.28) 


Thus, we obtained expressions for the generalized fanctions 4 ipind 
in the form of improper limits of a certain single analy- 
tic fanction . Returning again to (4.24) we find that 

these limit relations may be written also in a more simple and 
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• bi - 


symmetric ways 

. /]’ Or 


Cp] - 


i -^0 

l>o 


and 




(4.29.1) 


(4.29.2) 


e >0 


Wow, noting that in virtae of (4.13) 

fcp) - I 

wc see that the function g^Cp) may be written in the form of 
aAifliproper limit , 


viVWv. 


Xp ) = G^ip^j ^ ci 

i-y 0 
i ?o 


(s ip^-f It ) 


(4.29.3) 


It may be noted that in EqLS.(4.29) we permitted an indication of 
the vector p being time-liite on the grounds that forp<0 the 

function G (p^) is regular and, conseq.uent ly , the way of limit 
transition is simply indifferent. 

Finally, subtracting (4.13) from each other we find that for 
the difference of the limit values on the line of cut 


r 


(t']~ 2r..' 


(4.30) 


From the property of (4.8.1) of the spectral fmicl’on l(p ) establi- 
shed earlier, it may now be seen that not the whole actual positive 

2 

semi-axis will represent the line of cut on the comolex plane k 
for G(k^), but only a part of it 


Kg. ()c‘‘J ^ 


(4.31) 
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